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Abstract. For an oriented surface of genus g with b boundary components, 
we construct a rational map from a subset of C 6 f- 6 + 3f > onto an open algebraic 
subset of the PSL(2, C)-character variety as an analogue of the Fenchel-Nielsen 
coordinates. After taking the quotient by an action of a finite group, we 
obtain a paramctrization of a subset of the PSL(2, (C)-character variety, and 
similarly for the SL(2, C)-character variety. We can systematically calculate 
a set of matrix generators by rational functions of the parameters. We give 
transformation formulae under elementary moves of pants decompositions. 



1. Introduction 

PSL(2, (C)-representations of surface groups appear in various areas of low dimen- 
sional topology and geometry; in the study of Kleinian groups, complex projective 
structures, Teichmullcr spaces, etc. In this paper, we give a paramctrization of 
PSL(2, (C)-representations of a surface group as an analogue of Fenchel-Nielsen co- 
ordinates. 

Let S = Sg^b be a surface of genus g with b boundary components. In this 
paper, we assume that the Euler characteristic of S is negative, hence S admits a 
hyperbolic structure with geodesic boundary. The (SL(2, C)-)character variety of 
S is, roughly, the set of all representations of ni(S) into SL(2,C) up to conjugacy. 
(See §2.2l for a precise description of the character variety.) Similarly the PSL(2, C)- 
character variety of S is also defined. The space of marked hyperbolic structures on 
S is called the Teichmiiller space of S. Since a marked hyperbolic structure induces 
a discrete faithful representation of iri(S) into PSL(2,R) C PSL(2,C) (Fuchsian 
representation), the Teichmiiller space can be regarded as a subspace of PSL(2, C)- 
character variety. 

The Fenchel-Nielsen coordinates give a paramctrization of the Teichmullcr space. 
They are defined based on a pants decomposition, a collection of disjoint simple 
closed curves on S which cut S into three- holed spheres (pants). We call a curve of a 
pants decomposition or a boundary curve of S a pants curve. The Fcnchcl-Niclscn 
coordinates consist of the length and twist parameters about the pants curves. 
It is known that the hyperbolic structure on a three-holed sphere is completely 
determined by the lengths of the boundary curves. Thus, to recover the hyperbolic 
structure on S, we have to keep track of how these pairs of pants are glued along 
the common pants curves. The Fenchel-Nielsen twist parameter of an interior 
pants curve measures how two pairs of pants are twisted along the pants curve 
(sec Figure [23]) . It is well-known that the set of the length and twist parameters 
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gives a parametrization of the Teichmiiller space. The Fenchel-Nielsen coordinates 
are complexified by Tan |Tan94j and Kourouniotis |Kou94| , which parametrize the 
quasi-Fuchsian representations. 

We shall give a parametrization of an open algebraic subset of the PSL(2, C)- 
character variety, which contains all quasi-Fuchsian representations. Since our 
parametrization is only based on some elementary properties of matrices, we can 
systematically calculate a set of matrix generators in terms of the parameters. (See 
examples in Section [5J four-holed sphere, one-holed torus and closed genus two 
surface.) These matrices are written by rational functions of the parameters, we 
can also parametrize PGL(2,F) representations for any subfield F C C. We re- 
mark that a set of explicit matrix generators was given by }Oka92| and |Mas01j 
for Fuchsian representations in terms of the Fenchel-Nielsen coordinates. Our ex- 
plicit description enables us to give transformation formulae under changes of pants 
decompositions (Section [TJ} . 

The idea of this paper is simple: use the eigenvalues of the pants curves instead 
of the length (or trace) functions. By using the eigenvalues, we can keep track of 
the information of the fixed points. Recall that PSL(2, C) acts on the projective 
space CP 1 . Let A be an element of SL(2,C) which has two fixed points x and y 
on CP 1 . We denote by e the eigenvalue corresponding to the fixed point x, i.e. x 
is the projective class of the eigenvector of A corresponding to e. Hence y is the 
fixed point corresponding to e _1 . Then the matrix A is uniquely determined by the 
triple (e,x,y). (See (|2.1j) for its explicit form.) Let P be a pair of pants and take 
a set of generators 71,72,73 of 7Ti(P) corresponding to the three boundary curves 
so that 717273 = 1 (see Figured]). Let p be an irreducible SL(2, C)-representation 
such that p(ji) has two fixed points. We denote one of the eigenvalue of p(ji) by e, 
and let x% (rcsp. yi) be the fixed point corresponding to (resp. e^ -1 ). From the 
relation 717273 = 1, we will see in Proposition 13.11 that p is uniquely determined 
by (e-i, Xi)i=i.2,3- Conversely, for any three complex numbers ei,e2, e$ (satisfying 
some conditions) and three distinct points x\,X2, X3 of CP 1 , we can construct such 
an SL(2, C)-representation. While the triple ei, e2, e% determines a conjugacy class 
of the representation p, the additional information of the fixed points x±,X2,X3 
determines a representative in the conjugacy class containing p. 

To glue two representations along a pants curve, the information of the fixed 
points is still useful. Let P and P' be two pairs of pants. We denote the bound- 
ary curves of P by ci, C2, C3 and the boundary curves of P' by c\, C4, C5. We 
construct a SL(2, C)-representation of the fundamental group of PU Cl P' from rep- 
resentations of 7Ti(P) and 7Ti(P'). We take a set of generators 71,72,73 of 7i"i(P) 
and a set of generators 71,74,75 of 7Ti(P') as before. We denote the representa- 
tion of 7Ti(P) obtained from (e^, 3^)1=1,2,3 by p and the representation of 7Ti(P') 
obtained from (e' i7 2^)4=1,4,5 by p' . To glue these representations, they must satisfy 
Pill) = p'ili) > thus both e[ = e\~ x and (xi,yi) = (x[, y[) where y\ and y[ are 
the other fixed point of p(7i) and //(71) respectively. So we assume that e[ = e.\ ■ 
The condition (xi,y±) = (x' 1 ,y[) can be achieved by conjugating p' by an element 
of PSL(2,C). Although there is a one-parameter family of such conjugating ele- 
ments, the twist parameter of c\ characterizes that in the one-parameter family by 
measuring the relative positions of the fixed points 2; 2 and x' 5 . (See Section [5] for 
the precise definition.) 
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In the definition of the twist parameter, we need to introduce an oriented graph 
dual to the pants decomposition to keep track of the relative positions of the fixed 
points. This dual graph will be also used to give a presentation of tti(S) (Section^]). 
According to this presentation, we will reconstruct a set of matrix generators from 
the eigenvalue and twist parameters (Section [7]). Thus the set of the eigenvalue 
and twist parameters determines a PSL(2, (C)-reprcscntation up to conjugation. 
This gives a rational map from an open algebraic subset of C 6s_6+3f> onto an open 
algebraic subset of the PSL(2, C)-character variety. After taking a covering space of 
the parameter space, we can also construct a map to the SL(2, C)-character variety. 

Since there exist two choices of eigenvalues for each pants curve, these parameters 
are not invariant under conjugation differently from the length (or trace) functions. 
But once we fix all the eigenvalue parameters, the twist parameters are invariant 
under conjugation. Thus the system of the eigenvalue and twist parameters gives 
a multi- valued map from a subset of the PSL(2, C)-character variety to C 6£,_6+3b . 
Changing the choices of eigenvalues is described by an action of (Z/2Z) 3£f ~ 3+2b 
which acts as e.; — > e$ . This action affects on the twist parameters, which will be 
described in Section HI After taking the quotient by the action of (Z/2Z) 3£,_3+2b , 
and further taking the quotient by the action of the group related to the lifting of 
PSL(2, C) to SL(2, C), we obtain an injective map from the quotient of the param- 
eter space to a subset of the PSL(2, (C)-character variety. The precise statement 
will be given in Theorem 17. 1[ and Theorem 17.21 for the SL(2, C)-character variety. 

This parametrization is also described by using the ideal triangulation of the 
surface associated to the pants decomposition. The author briefly noted in |Kab07j 
the parametrization from this point of view. We will interpret our eigenvalue and 
twist parameters in terms of ideal triangulations in Section II H and apply to study 
Fuchsian representations in Section 1121 

Since our coordinates are based on a pants decomposition with a dual graph, it 
is natural to consider their transformation when they are changed. We introduce 
five types of moves between pants decompositions with dual graphs. We will show 
that any two pants decompositions with dual graphs are related by a sequence of 
these moves and give transformation formulae for these moves. 

This paper is organized as follows. In Section [2] we review basic properties 
of PSL(2,C) and the definition of the character variety. In Section 02 we give 
a parametrization of the representations of the fundamental group of a pair of 
pants. In Section EH we define pants decompositions and their dual graphs. We 
define the eigenvalue parameters in Section [5] and the twist parameters in Section 
[6] In Section, we shall show that the set of the eigenvalue and twist parameters 
gives coordinates of a subset of the character variety and we give a set of matrix 
generators in terms of the eigenvalue and twist parameters. After giving examples 
in Section [HI we describe the behavior of the twist parameters under the action of 
(Z/2Z) 39 ~ 3+2b , which exchanges the choices of the eigenvalues, in Section [5] In 
Section 1 1 01 we define moves between pants decompositions with dual graphs and 
give transformation formulae for each of these moves. In Section [T2| we restrict our 
attention to PSL(2, R)-representations, especially Fuchsian representations. We 
compare our twist parameters with the usual Fenchel-Nielsen twist parameters. In 
the last two sections, we compare our coordinates with the exponential shear-bend 
coordinates. 
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2. Basic facts on PSL(2.C) 

2.1. Let F be a subficld of C. We let 

PGL(2,F) = GL(2,F)/F*, PSL(2,F) = SL(2, F)/{±/}, 

where F* = F \ {0} acts on GL(2,F) by scalar multiplication. The inclusion map 
SL(2,F) -> GL(2,F) induces a homomorphism PSL(2,F) -> PGL(2,F), and it has 
an inverse 

PGL(2,F) 3 1 A 6 PSL(2,F), 

vdet A 

if F has a square root for any element of F (e.g. F = C). We remark that there are 
two choices of square roots, but the matrix in PSL(2,F) is uniquely determined. 

The left action of GL(2; F) on F 2 induces a left action of GL(2; F) (also PGL(2; F)) 
on the projective line FP 1 over F. If we regard FP 1 as FU {oo}, the action is given 

by 

f a b\ az + b 



dj cz + d' 

The projective class of an eigenvector of A <G GL(2,F) corresponds to a fixed point 
of the action of A on CP 1 via the projection map C 2 \{0} — > CP 1 . Any non-identity 
element of PGL(2, F) has one or two fixed points on CP 1 . 

Let A be an element of SL(2,F) with two distinct fixed points. Choose one 
of the eigenvalue e of A. We let x be the fixed point of A determined by the 
projective class of the eigenvector of A corresponding to e. Then the other fixed 
point y is determined by the eigenvector corresponding to e _1 . Geometrically, x is 
the attractive fixed point and y is the repelling fixed point if |e| > 1. Then A is 
uniquely determined by (e;x,y) and given by 



M(e;x,y)=( X \ 

(2.1) 



x y\ ( e \ fx y 
e- 1 [l 1 



1 (ex — e y — (e — e )xy 



x - y \ e - e — ey + e 

We denote this matrix by M(e;x,y). For example, M(e;oo,0) = \ t and 

M(e;0,oo) = We have M(e;x,y) = M{e~ 1 ;y,x) and M(e;x, y)^ 1 = 

M(e , x, y) = M(e; y, x). If x, y and e are in FP 1 , then the matrix is an element of 
SL(2, F). Conversely any element A of SL(2, F) has such a form if t 2 - (tr A)t+1 = 
has two solutions in F. 

The following well-known facts play important roles in our description of PSL(2.F)- 
representations . 

Lemma 2.1. Let x and y be distinct points on FP 1 . Let z\ and Zi be points on 
FP 1 different from x and y. (z\ and 22 rnay coincide.) Then there exists a unique 
t e C* up to sign such that M(t;x,y) sends Z\ to Z2- 
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Proof. Since 



M( , s {tx-t- 1 y)z l -{t-t- 1 )xy 

M{t x, y)-zi = — - — — j- — — = 22, 

(t — t l )zi —ty + t L x 



we have 

t 2 = (x - z^jy - z 2 ) 
{x- z 2 ){y-z 1 )' 

(This is equal to the cross ratio [y : x : Z\ : z 2 ], see (I2.2p .~l Therefore t is well-defined 
up to sign. □ 

Lemma 2.2. There exists a unique element o/PGL(2,F) which sends any three 
distinct points {x\,x 2 ,Xz) of VP 1 to other three distinct points (xi, x' 2 , x' 3 ). The 
matrix is given by 

1 f an ai2 

y/(xi - x 2 )(x 2 - x 3 )(x 3 - xi){x\ - x' 2 ){x' 2 - x' 3 )(x' 3 - V^i a 22 
where 

o-n = xix' 1 (x' 2 — x' 3 ) + x 2 x' 2 (x! 3 — x[) + 2:3X3(2;^ — x' 2 ), 

a i2 = xix 2 x 3 (x[ - x' 2 ) + x 2 x 3 x' 1 (x' 2 — x 3 ) + x 3 xix 2 (x 3 — x[), 

a 2 i = xi(x' 2 - x' 3 ) + x 2 (x' 3 - x' x ) + x 3 (x[ - x' 2 ), 

a 22 = xix[(x 2 - x 3 ) + x 2 x' 2 {x 3 - xi) + x 3 x' 3 (xi - x 2 ). 

Proof. Let A = be an element of GL(2,C) which sends (0, 00, 1) to the 

triple (xi,x 2 ,x 3 ). For simplicity, first assume that any of Xi is not equal to 00. 
Then we have 

b a a + b 

-7=3:1, ~=X2, — r-j =x 3- 
a c c + a 

Assume d = 1, then we have b = Xi, c = X3 ~ X1 and a = cx 2 . Therefore A is equal 

to 

'x 2 (x 3 -xi) xi(x 2 - x 3 y 
(x 3 - Xi) (x 2 - x 3 ) 
up to scalar multiplication. This still holds even if one of Xi is 00 in an appropriate 
way. Let X be an element of GL(2, C) which sends (xi, x 2 , x 3 ) to (x[, x' 2 , x' 3 ). Since 
XA sends (0, 00, 1) to (x[,x 2 , x 3 ), XA is equal to 

d _ ( x ' 2 ( x 3 ~ x l) x l( x 2 ~ ^3) 



(x' 3 x[) (x' 2 x' 3 ) 

up to scalar multiplication. Therefore X = BA~ X € PGL(2,F) is uniquely deter- 
mined. □ 

In this paper, we define the cross ratio for four distinct points xq, x\, x 2 , X3 of 
FP 1 by 

(2.2) [x : X! : x 2 : x 3 ] = X3 - X ° * 2 - Xl £ (F \ {0, 1}). 

X 3 - X1X2- X 

The cross ratio is invariant under the action of PGL(2,F), i.e. [xq : xi : X2 ■ x 3 ] = 
[Ax : Axi : Ax 2 : Ax 3 ] holds for any A G PGL(2,F). 

In the later sections, most of the arguments can be applied for PGL(2,F), but 
we will work in the case of PGL(2, C) for simplicity. 



(i 



YUICHI KABAYA 



2.2. Character varieties. Let M be a manifold. In this paper, we denote the 
set of all representations of iri(M) into SL(2,C) by Rsl(M). Since SL(2,C) is an 
affine algebraic group, Rsl(M) is an affine algebraic set. A representation p is called 
reducible if p(iri(M)) fixes a point of CP 1 , otherwise it is called irreducible. The 
group SL(2, C) acts on Rsl(M) by conjugation. Since the action is algebraic, we 
can define the algebraic quotient Xsl(M) of Rsl(M)- This is called the character 
variety because it can be regarded as the set of characters (see |CS83j for details). 
If we restrict to the irreducible representations, Xsl(M) is nothing but the usual 
quotient by the action of SL(2,C) jCS83j . 

Similarly we define the PSL(2, (C)-character variety (see jHP04| . for details). We 
denote the set of all representations of tt\(M) into PSL(2,C) by Rpsl(M). As 
before, a representation p is called reducible if p(n\(M)) fixes a point of CP 1 , 
otherwise it is called irreducible. Since PSL(2,C) also acts on Rpsl(M), we can 
define the algebraic quotient Xpsl(M) of Ppsl(M). Wc can regard Xpsl(M) as 
the set of the squares of the characters |HP04j . As in the case of SL(2, C)-character 
varieties, Xpsl(M) is the usual quotient by the action of PSL(2,C) if we restrict 
to the irreducible representations (see |HP04j . |Por97j ). 

The natural map Rsl(M) — > Rpsl{M) is not surjective in general since there 
may exist a PSL(2, C)-representation which does not lift to a SL(2, C)-representation. 
A PSL(2, C)-representation lifts to a SL(2, C)-representation if and only if the sec- 
ond Stiefcl- Whitney class u>2(p), which is defined in H 2 (M; Z/2Z), vanishes. There- 
fore if S is a surface with boundary, any PSL(2, C)-representation can be lifted to a 
SL(2, C)-representation. For a closed oriented surface S of genus <?, the evaluation 
of W2{p) at the fundamental class is calculated as follows. tti(S) has the following 
presentation: 

(ai,...,a fl ,j8i,...,j8 a | [ai,/3i] . . . [ct g ,P g ] = 1)- 

For a PSL(2, C)-representation p, let Aj = p(a,) and Bi = p(fii). Take any lifts Ai 
and Bi in SL(2,C). Then W2{p) evaluated at the fundamental class [S] is equal to 
the sign of 

[A 1 ,B 1 ]...[A g ,B g ]e{±I}. 

If a PSL(2, C)-representation lifts to a SL(2, C)-representation, then any other lift is 
obtained by the action of P 1 (M;Z/2Z). Since H^M; Z/2Z) = Hom(7Ti(M), Z/2Z), 
we can regard an element of J ff 1 (M;Z/2Z) as a function e : m(M) -> {±1}. Then 
e acts on p by (e • p)(j) = 6(7)^(7). P X (M;Z/2Z) freely acts on R SL (M). It also 
acts on X SL (M), but not freely in general ( [BZ98] , jMS88] V 

For a closed surface S of genus g > 1, Goldman showed in }Gol88j that Ppsl(2,c) (S) 
has exactly two components, one of which is the set of liftable representations and 
the other of which is the set of non-liftable representations. 

3. Representations of the fundamental group of a pair of pants 

3.1. Let P be a three- holed sphere, which is often called a pair of pants. Fix a 
base point * on P and define 7^ G 7Ti(P, *) as indicated in Figure Q] which satisfy 
717273 = 1- We say that 7, goes around the boundary in the counterclockwise 
direction. 
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Figure 1. A pair of pants. 

Proposition 3.1. Let p : tti(P) — > SL(2, C) be an irreducible representation such 
that p(ji) has two fixed points (xi,yi). Let e, be the eigenvalue of p(ji) correspond- 
ing to Xi. Then p is described only in terms of and Xi: 

(3.1) 

/ x 1 fan ai 2 \ 

eie i+ i(x i+ i - x l ){x l+2 - Xj) \a 2 i a 22 ) ' 

an = efei + iXi(x t - x i+2 ) + e l+ ix l+2 (x i+ i - x % ) + e i e l+2 x l (x i + 2 - x i+ i), 

a 12 = Xi(efe l+ iX. l+ i(x. l+2 ~ Xi) + e i+ ix. l+2 (xi - x i+ i) + eie i+2 Xi(x i+ i - x i+2 )), 

a 2 i = e^e i+ i(xi - x l+2 ) + e i+ i(x i+ i - x t ) + eie i+2 (x l+2 - x i+1 ), 

a 22 = efei + ix i+ i{x l+2 - xi) + e l+ ix l (x i - x i+1 ) + e i e l+2 x l {x i+ i - x l+2 ). 

The other fixed point yi of p(~fi) (the fixed point corresponding to Ci~ x ) is given by 

/g 2 ^ y _ e 2 i ei + ix i+ i{x l - x i+2 ) + e l+ ix i+2 (x i+ i - Xj) + eie i+2 Xi(x i+2 - x l+ i) 
efe l+ i(x l - x i+2 ) + e i+1 (x i+ i - x, t ) + e t e l+2 {x i+2 - x i+ i) 

Proof. Let A be the matrix 

r x 2 {x 5 -xi) Xi(x 2 -X3) 
(x 3 -xi) {x 2 -x 3 ) 

which sends (0, oo, 1) to (xi,x 2 ,x 3 ). Then A~ l p{^i)A has the fixed points (0, y[), 
(oo, y' 2 ), (1, y' 3 ) for i = 1, 2, 3 respectively. Therefore A~ 1 p(ji)A are uniquely deter- 
mined by (f2~Tj) : 

i n r^\A- 1 fe^y'a-es (e 3 - e^ l )y' 3 



a-'pMa 



2/3-1 



From the identity p(ji)p("/ 2 ) = p(73) , we have 

, _ ei - ej~ 1 , _ e 2 - eie^ 1 , _ e 2 - eie^ 1 

Hi — -i -it Vi— -i i Vs — 

e 2 e3 — e 1 e 2 — e 2 e 2 — eie 3 

Computing p(-fi) = A(A^ p(ji)A)A~ 1 and yi = A ■ y[, we obtain the result. □ 

It is known that the conjugacy class of an irreducible SL(2, C)-representation 
of the fundamental group of a pair of pants is uniquely determined by the triple 
(tr(p(7i)), tr(p(7 2 )), tr(p(73))). Therefore p is uniquely determined by up to con- 
jugation. Proposition 13.11 means that additional information about Xi determines 
the representation in the conjugacy class. 
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Conversely the representation given by (|3.1|) is irreducible for generic values. 

Proposition 3.2. Let x\, x 2 and x 3 be distinct points on CP 1 . For any triple 
(ei,e2,e3) (e^ 7^ 0,±1) ; the representation given by h3.1\) is irreducible unless e\ = 
e 2 e 3 , e 2 = e 3 ei, e 3 = e x e 2 or eie 2 e 3 = 1. If ei = e 2 e 3 (resp. e 2 = e 3 e i; e 3 = eie 2; 
eie 2 e 3 = 1), then x\ — y 2 — 2/3 (resp. yi = x 2 = y 3 , yi = y 2 = x 3 , y\ = y 2 = y 3 ) 
and therefore p is reducible. 

Proof. Since 7i7 2 7 3 = 1, if two of {p(7i)}i=i, 2 , 3 have a common fixed point, then 
the other matrix also fixes the point. Therefore p is reducible if and only if one of 
the following identities holds: 

£1=2/2=2/3, 2/1 = ^2 = 2/3, 2/1=2/2 = x 3 , 2/1 = 2/2 = 2/3- 

(xi = Xj for i 7^ j does not occur by assumption.) We only consider the first case 
since others easily follow from symmetry. Since x\ = y 2 , we have 

x _ e 2 2 e 3 x 3 (x 2 - xi) + e 3 xi(a: 3 - x 2 ) + e 2 eix 2 {xi - x 3 ) 
e 2 2 e 3 (x 2 - xi) + e 3 {x 3 - x 2 ) + e 2 ei(xi - x 3 ) 

by p.2[) . Since all Xi are distinct, this is equivalent to e\ = e 2 e 3 . A similar 
calculation shows that y 2 = y 3 is equivalent to (1 — e\e 2 e 3 ){e\ — e 2 e 3 ) = 0. Therefore 
x i = U2 = 2/3 if and only if e± = e 2 e 3 . □ 

Since the conjugacy class of an irreducible SL(2, (C)-representatioii is uniquely 
determined by the triple 

(tr(p(7i)), tr(p(7 2 )), tr(p(7 3 ))) = (ei + ei" 1 , e 2 + e 2 "\ e 3 + es" 1 ), 

we conclude that 

Corollary 3.3. The set of conjugacy classes of irreducible SL(2, C) -representations 
of the fundamental group of a pair of pants can be identified with 

{(ei,e 2 ,e 3 ) G (C \ {0,±1}) 3 | e x ^ e 2 e 3 , e 2 ^ e 3 ei, 
e 3 ± eie 2 , e x e 2 e 3 ± 1}/(Z/2Z) 3 

where (ei,e 2 ,e 3 ) G (Z/2Z) 3 acts as 

(3.3) ( ei ,e 2 ,e 3 )^ ( ei £l ,e 2 e2 ,e 3 £3 ). 

3.2. PSL(2, C)-character variety of a pair of pants. An SL(2, (C)-representation 
given by (|3.ip reduces to a PSL(2, C)-representation. Conversely, any PSL(2,C)- 
representation of the fundamental group of a pair of pants can be lifted to a 
SL(2, (C)-representation since we can choose signs of p(ji) and p(7 2 ) arbitrary 
(then the sign of p("f 3 ) is automatically determined). The representation given 
by (|3.ip can be regarded as a lift of the PSL(2, (C)-representation to a SL(2,C)- 
representation. As mentioned in §2.2[ any other lift is obtained by the action of 
H 1 {P;Z/2Z). An element of H 1 {P;Z/2Z) = Hom(7ri(P); Z/2Z) can be regarded 
as a triple (ei, e 2 , e 3 ) € {±1} 3 satisfying e\t 2 e 3 = 1, and the action is given by 

(3.4) (ei, e 2 , e 3 ) ^ (eiei, e 2 e 2 , e 3 e 3 ). 

(Observe that yi in (|3.2| is invariant under the action of P 1 (P; Z/2Z), since the 
fixed points do not depend on the choice of a lift.) Therefore we have: 
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Corollary 3.4. The set of conjugacy classes of irreducible PSL(2, C) -representations 
of the fundamental group of a pair of pants can be identified with 

({(ei, e 2 , e 3 ) G (C\ {0, ±1}) 3 | e x ^ e 2 e 3 , e 2 ^ e 3 e u 

e 3 # eie 2 , e ie2 e 3 ^ l}/(Z/2Z) 3 //f x (P; Z/2Z), 

where the action o/(Z/2Z) 3 is i/ie one given by \3. 3\) and the action o/i? 1 (P;Z/2Z) 
is given &?/ 

We remark that the actions of (Z/2Z) 3 and H 1 (P; Z/2Z) commute. 
4. Pants decomposition and dual graph 

In Section [3l we parametrized representations of the fundamental group of a pair 
of pants by their eigenvalues. For a general surface, we decompose it into pairs of 
pants and consider the restriction of a representation on each pair of pants. Then 
we shall describe how two representations are glued along their boundary curves. 
To describe gluing process, we need an additional information: a dual graph to the 
pants decomposition. 

In this section, we define a pants decomposition and a graph dual to the pants 
decomposition. Taking a maximal tree of a dual graph, we obtain a presentation 
of the surface group. In Section we shall use this presentation to describe the 
matrix generators for our parametrization. 

4.1. Pants decomposition. Let S = Sgj be a surface of genus g with b boundary 
components. In the following, we assume that the Euler characteristic of S is 
negative (2 — 2g — b < 0). A pants decomposition C is a disjoint union of simple 
closed curve on 5 such that S \ N(C) is a collection of three holed spheres (pairs 
of pants), where N(C) is a small open neighborhood of C. Then the number of 
simple closed curves of C is equal to 3g — 3 + b. We say that a component of C 
an interior pants curve, and a component of dS a boundary pants curve, or simply 
boundary curve. We call a simple close curve which is either an interior pants curve 
or a boundary curve a pants curve. We will denote the interior pants curves of C 
by Cj (i = 1, . . . , 3g — 3 + b) and the boundary curves of S by bi (i — 1, . . . , b). 

We fix a pants decomposition C = ci U ■ • • U c 3g _ 3+ b. We will parametrize the 
representations p : tt 1 (S) — > SL(2,C) (resp. p : ni(S) — > PSL(2,C)) satisfying the 
following two conditions: 

(CI) For 7^ G iti(S) whose free homotopy class represents Cj, pi'fi) has exactly 
two fixed points on CP 1 for i = 1, . . . , 3g — 3 + b, and also for boundary 
curves 6, (i = 1, . . . , b). 
(C2) For any pair of pants P C S \ N(C), the restriction p^^p) is irreducible. 
We denote the subset of Rsl(S) (resp. Rpsl(S)) satisfying (CI) and (C2) by 
Rsl(S,C) (resp. Rpsl(S,C)). We remark that these representations are generic 
in the character variety 

Proposition 4.1. Rsl(S,C) (resp. Rpsl(S,C)) is an open algebraic subset of 
Rsl(S) (resp. Rpsl(S)). 

Proof. First, we show that the complement of R$ l {S, C) is a closed algebraic subset. 
In [CS831 Corollary 1.2.2], it is shown that a representation p : T — > SL(2,C) is 
reducible if and only if tr(/?(c)) = 2 for all c e [I\r]. Applying this criterion to 
7Ti(P) for each pair of pants P C S\ N(C), the set of the representations which do 
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Figure 2. A dual graph of a pants decomposition. 



not satisfy (C2) is a closed algebraic subset. Let 7$ be an element of tti(S) whose 
conjugacy class is represented by Cj. Since p(ji) has two fixed points if and only if 
tr(p(7i)) 7^ ±2, the set of the representations which do not satisfy (CI) is a closed 
algebraic subset. Therefore the complement of Rsl(S,C) is closed in Rsl{S). 

In |HP04| . it is shown that p : V -> PSL(2,C) is reducible if and only if 
tr([p(7), = 2 for any 7,77 S L, where the trace is defined by lifting p(j) 

and p(n) to SL(2, C). Therefore we can similarly conclude that Rpsl(S,C) is an 
open algebraic subset of Rpsl(S). □ 

When S has boundary, iti(S) is a free group of rank 2g + b— 1. Thus Rsl(S) = 
SL(2, C) 2£,+&_1 , especially irreducible algebraic variety. So Rsl(S,C) is an open 
algebraic subset of an irreducible variety, therefore open dense in Rsl{S). 

It is known that there exists a pants decomposition satisfying these two condi- 
tions for any non-elementary representation GKM00 . 

We denote the image of R SL (S, C) (resp. R PS l(S, C)) to X SL (S) (resp. X PSL (S)) 
by X SL (S,C) (resp. X PSL (S,C)). Since R SL (S,C) (resp. J?P Si (5,C)) consists of 
reducible representations, Xsl(S,C) (resp. Xpsl(S,C)) is the quotient space of 
of Rsl{S, C) (resp. Rpsl{S, C)) by conjugation. In the next few sections, we shall 
give a parametrization of Xsl{S,C) and Xpsl(S,C). 

4.2. Dual graph. Let C be a pants decomposition. Let G be a graph with only 
trivalent or univalent vertices. We assume that all edges of G are oriented. We call 
an edge of G whose cndpoints are both trivalent vertices an interior edge and an 
edge one of whose endpoints is univalent a boundary edge. An embedding g : G — > S 
is dual to the pants decomposition C if the trivalent vertices are mapped to interior 
points of S \ N(C) and the univalent vertices are mapped to dS satisfying the 
following properties: 

• For each component P of S \ N(C), there is exactly one trivalent vertex v 
such that g(v) £ Int(P). 

• For each component bi of dS, there is exactly one univalent vertex v such 
that g(v) € bi. 

• Every interior edge of G intersects C exactly once transversely. 

• Every boundary edge of G does not intersects C. 

An example of a dual embedding is given in Figure [21 From the definition, G has 
2g — 2 + b trivalent vertices, b univalent vertices and 3g — 3 + 26 edges. We say that 
two dual graphs [g\, G) and (52, G) are equivalent if there exists a homeomorphism 
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h isotopic to the identity making the following diagram commute: 




Here we mean an isotopy preserving OS setwise. (We may use an isotopy preserving 
the boundary pointwise when we consider a subsurface of S in later sections.) We 
simply call an equivalent class of a pair (g, G) a dual graph and usually omit the 
embedding g. Since S is oriented, the embedding g induces a cyclic ordering on the 
edges at each trivalent vertex of G. A graph with a cyclic ordering on the edges at 
each vertex is usually called a fat graph. 

For a maximal tree T of the dual graph G, we give a presentation of tt\ (S) as 
follows. (Concrete examples are given in Scction[8l) Let So be the surface obtained 
by removing the pants curves intersecting G\T. Since G\T consists of g oriented 
edges, So is a sphere with 2g + b holes. We denote the edges G\T by ui, ... ,u g . Let 
be the component of dSo which m enters, and the component of dSo from 
which Ui emanates. We take a base point * on T. Let oii (resp. a g +i) (i = 1, ■ • ■ , g) 
be an element of 7Ti(So, *) which starts at * following G, then goes along Sj j+ (resp. 
Sj_) once in the counterclockwise direction and ends at * following G. We denote 
the boundary components of S by b\ , . . . , b b . Let Si be an clement of tti (So, *) which 
starts at * following G, then goes along bi once in the counterclockwise direction 
and ends at * following G. Then a>i, (3i, Si form a system of generators of 7Ti(So, *) 
with one relation 

(4.1) a\a g+ i . . .a g a g+g Si . . .S b = 1 

where in general the order of the product is a permutation of {ai, . . . , a 2g , Si, ... , S b } 
depending on the choice of G and T. A presentation of 7Ti(S, *) is obtained from 
7i"i (So, *) by HNN extensions. Actually, let be a path following G which starts 
at * through Ui in the direction and ends at *, then {a\, . . . , a^ g , ■ ■ ■ , f3 g } satisfy 
the relations 

a g+i ~ x = Pi^aiiPi (i = l,...g), 
and 7Ti (S, *) has the following presentation: 

(a>i,...,a 2g ,P 1 ,...,0 g ,S 1 ,...,S b {a-g+.r 1 = /3 l ^ 1 a i f3 l (i = l,...g), 

a 1 a g+1 a 2 a g+2 ■ ■ ■ a g a 2g S 1 . . . S b = 1). 

Eliminating (i = 1, ... , <?), we obtain a presentation 

(ai,^i, . . .,a g ,P g ,Si, ...,6 b | [ai,^ 1 ] • ■ ■ [ag,/?^ 1 ]^ ■■■S b = l), 

although the relation may differ from the above one depending on the choice of G 
and T. 

We will introduce our parameters in Section [5] and Section |6] Then we will give 
explicit matrix generators corresponding to 014, /J, and 5j for our parametrization 
of PSL(2,C)- or SL(2, (C)-representations in Section [7J 

5. Eigenvalue parameter 

5.1. SL(2,C) representations. Let C = c\ U • ■ ■ U C3 9 _3+6 be a a pants decom- 
position and G a dual graph. We denote the components of OS by 61, . . . , b b . Let 
p : iri(S) —> SL(2,C) be a representation satisfying the two conditions (C1)-(C2). 
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To each interior edge of G which intersects the interior pants curve Cj, we assign 
one of the eigenvalues of p(ci). (We remark that the set of the eigenvalues of ^(7) 
for 7 G tti(S) only depends on the unoricnted free homotopy class of 7.) To each 
boundary edge of G whose univalent vertex is on bi , we assign one of the eigenvalues 
of p(bi). In this way, we assign a complex number ei to each edge of G. We call 
an eigenvalue parameter of the edge. Since there are two choices of the eigenvalues 
ei ±x for each edge, there are 2 39_3+2b choices of eigenvalue parameters. 
Define a subset E(S, C) of C 3g - 3+2b by 

E(S, C) = {(ei, e 2 , . . . , e 3g _ 3+ 2 b ) | G C \ {0, ±1}, 
(5 ' X) ef x ef ef # 1 for {e 4 , e h e k ] £ V} 

where V is the set of triples of eigenvalue parameters each of which belongs to a pair 
of pants P C S \ N(C). By Proposition 13. 2[ the set of the eigenvalue parameters 
is contained in E(S,C). Since eigenvalues are invariant under conjugation, we 
obtained a multivalued (one to 2 3 s- 3+2b ) map X SL (S, C) E(S, C). By Corollary 
13.31 we have a map 

X SL (S,C) -)■ £(S, C*)/(Z/2Z) 39 - 3+2h 
where the action of (Z/2Z) 3 f- 3+2b on £(5, C*) is defined by (|3~3)) . 

5.2. PSL(2,C) representations. Let p be a PSL(2, C)-representation satisfying 
the conditions (C1)-(C2). To each edge of G, we can assign one of the eigenvalues 
as in the SL(2, C) case. But there are two choices of signs for each pants curve, 
since the matrix is well-defined up to sign. To fix the signs, we take a lift of the 
restriction of p to each pair of pants P C S \ N(C) and assign the eigenvalues of 
the lifted representation. But we may not be able to fix signs globally, since there 
are two pairs of pants adjacent to a pants curve in general. 

Proposition 5.1. Let p : iri(S) — > PSL(2,C) be a representation satisfying (CI) 
and (C2). One can choose the signs of the eigenvalue parameters globally if and 
only if p lifts to a SL(2, C) -representation. 

Proof. When S has non-empty boundary, there is nothing to prove in this case since 
any PSL(2, C)-rcprcsentation of iri(S) lifts to an SL(2, (C)-representation. So we as- 
sume that S is a closed surface of genus g. If p lifts to an SL(2, (C)-rcprcscntation, 
it is clear that we can choose the signs of the eigenvalue parameters globally. Con- 
versely we assume that the signs of the eigenvalue parameters are globally defined. 
We take a maximal tree T of G and let Sq be the sphere with 2g holes constructed 
in §4.21 Let cu (i = 1, . . . , 2g) be the elements of tti(Sq) and f3i (i = 1, . . . , g) be 
the elements of 7Ti(S) defined in §4.21 We denote the eigenvalue parameter corre- 
sponding to the free homotopy class of at by e, for i = l,...,g. We choose a lift 
p{a.i) of p{ai) to SL(2, C) so that tr(p(«i)) = e.^ + ef . Since a g +i is a conjugation 
of aC 1 in tti(S), we have tr(p(a^)) = tr(p(a 9 +i)) up to sign. We choose a lift 
p(a g+i ) of p{a g+i ) to SL(2,C) so that tr(p(a g+i )) = e 4 + eC 1 for i = l,...,g. 
Next we choose a lift of p{Pi) to SL(2, C) for i = l,...,g arbitrary. Now we have 
p(a g+ i) _1 = p(j3i)~ 1 p(cti)p((3i) for i = 1, . . . ,g. By our choice of the signs, they 
satisfy 

[p{ai), piPir 1 } ■ ■ ■ [p(a g ),p(f3 g y 1 ] = p( ai )p(a g+1 ) . . . p(a g )p(a g+g ) = I 
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in SL(2, C). (As we remarked in §4.2[ the order of the product is a permutation of 
p(ai), . . . , p(a g ) and p(/3i), . ■ ■ , p(/3 g ) in general depending on the choice of G and 
T.) This means that p{p) gives an SL(2, C)-representation. □ 

Once we fix the signs of the eigenvalue parameters, the other lifts are obtained 
by the action of the following group. Consider the set 

e{S, C) = {{e\, e 3 g- 3+2 b) | = ±1, e^efe = 1 for {a, ej, e k } € V}, 

where V is the set defined in the previous subsection. This set has a group structure 
by componentwise multiplication, and acts on E{S,C) by (ei, . . . , e3 a _3+2&) ^ 
(eiei, . . . , e3 g _3+2&e3g-3+2!>)- All lifts of p are related by the action of e{S, C). In 
|FujlO| , a group similar to e{S, C) can be described in terms of the homology of G. 
In our case, we have the following. 

Lemma 5.2. e{S,C) is canonically isomorphic to Hx{G, dG; Z/2Z) (Hx{G;Z/2Z) 
if S has no boundary), where dG is the subset consisting of the univalent vertices. 

Proof. Let (ex, . . . , £33-3+26) S e{S, C). Assign e^ to the corresponding edge of G, 
we can regard (ex, . . . , £3^-3+26) as a 1-chain with Z/2Z-coefficients. Since we have 
eiCjCfc = 1 for {ei, ej, e k } € V, this chain is a cycle. Conversely a 1-cycle of G with 
Z/2Z-coefficicnts gives an element of e{S, C). □ 

As a consequence of Lemma [5.21 we have e{S,C) = (Z/2Z) 9+6_1 if S has non- 
empty boundary and e{S, C) = (Z/2Z) S if 5* is closed. 

We denote the subset of Rpsl(S, C) consisting of the liftable representations by 
R'p SL (S, C) and denote the quotient of R' PSL {S, C) by conjugation by X' PSL {S, C). 
As in the case of X$l(S, C), we have a map 

X' PSL (S,C) -> (E(S,C)/H 1 (G,dG;Z/2Z))/{Z/2Zf 9 - 3+2b . 

5.3. Non-liftable PSL(2, C) representations. We denote the subset of Rpsl {S, C) 
consisting of the non-liftable representations by R PSL (S, C) and denote the quo- 
tient of R PSL {S,C) by conjugation by X PSL (S,C). So we have Rsl{S,C) — 
R' SL {S,C)U R^ L (5, C) and' X SL {S,C) = X' SL {S, C) U X>' L (S,C). R PSL (S, C) 
(resp. X PSL (S, C)) is empty if S has a boundary. 

For a non-liftable representation, we can not choose the signs of the eigenvalues 
globally, but we also define the eigenvalue parameters as follows. 

We assume that S is a closed surface of genus g. (Thus g > 0.) We take a pants 
decomposition C and a dual graph G. Let p : ttx{S) — > PSL(2,C) be a non-liftable 
representation satisfying (C1)-(C2). We fix one interior edge fx of G. Consider the 
surface 5" obtained from S cut along the interior pants curve corresponding to fx- 
We denote the two boundary components of S' by cx.+ and Cx,-. Since S' has a 
boundary, we have a lift p : nx{S') —>■ SL(2,C) of p. Since p : nx{S) —> PSL(2,C) 
does not lift to an SL(2, C)-rcprcsentation, we have tr(p(cx,+)) = — tr(p(cx,-)) by 
Proposition 15. 11 We define the eigenvalue parameter for each of the other edges fi 
{i =/= 1) by one of the eigenvalue of p{ci) where c, is the pants curve corresponding 
to /,-. Wc define the eigenvalue parameter for fx by one of the eigenvalue of jo(cx,+). 

The group e{S, C) = Hx{G, Z/2Z) also acts on the parameter space E{S, C) and 
we also have a map 

X PSL (S, C) -> (S(5,C)/i?i(G;Z/2Z))/(Z/2Z) 3 9- 3+2h . 
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6. Twist parameter 

In this section, we introduce the twist parameters of a surface group represen- 
tation with a pants decomposition and a dual graph, which describes how two 
representations of the pants group are combined along their common interior pants 
curve. 

6.1. Let C be a pants decomposition of a surface S = S 3l b and G a dual graph. 
Assume p : Ttx(S) —> SL(2, C) satisfies the conditions (C1)-(C2). We take a system 
of eigenvalue parameters ei for all pants curves. For an interior edge f\ of G, we will 
define the twist parameter at fi . Let C\ C C be the interior pants curve transverse 
to fi. C\ is contained in a four- holed sphere or a one- holed torus. First we consider 
the four-holed sphere case. 

Let S' C S be the four-holed sphere containing c\ in the interior. The restriction 
of the dual graph G to S' gives a dual graph G 1 on S' by adding univalent vertices 
on the boundary if necessary. Let Pi and P 2 be the two pairs of pants of S'\N(a). 
We assume that the interior edge f± directed from Pi to P2 ■ We regard the trivalent 
vertices of G' as a base point of Pi and P%. We take generators 71, 72, 73 G ^i(Pi) 
and 7x,72;73 G ^1(^2) as in Figurc[T]so that both 71 and j[ run around c±. Connect 
the base points along G', we obtain a set of generators of iri(S'). We rewrite j! 2 
and 73 by 74 and 75 and j[ can be identified with 7^ (Figure [3]). Now we have 
717273 = 1 and 7f 1 7475 = 1, and therefore 72737475 = L 

Let p' be the restriction /o| ffl (S'). This is only well-defined up to conjugation 
since there are many ways to choose a path from the base point of S to S', 
but we fix one in the conjugacy class. Let /1 be the interior edge of G' and 
/2, /3,/4, h be the boundary edges of G' corresponding to 72,73,74,75- If fi is 
outward (resp. inward) oriented, let xi be the fixed point of p'i^fi) corresponding 
to (resp. e" 1 ). We assign the element x t <G CP 1 to each edge of G' . Since 
p'ili) = M(ei\xi,yi) = M(ei -1 ;ari,j/i) _1 = p'(7i) _1 where yi is the other fixed 
point of p'(7i), the assignment is well-defined at f\. 

By Lemma l2.1( there exists a unique complex number t\ G C* such that 

«u> uy=K^ = ± (? ») ( - »)- 

sends 22 to x 5 . (We use y/—t\ instead of yft\ since it is natural when we parametrize 
Fuchsian representations (Section [12]).) We call this t\ the twist parameter of the 
edge f\. When we replace p' by a conjugation A~ 1 p'A, the fixed points Xi and y, 
are changed to Acc^ and Ay^. Therefore t\ only depends on the conjugacy class of 
p', once we fix the eigenvalue parameters ej. 

Theorem 6.1. Le£ ei, . . . , es be the eigenvalue parameters, t\ be the twist param- 
eter and X\, . . . ,xs the fixed points of ^(71), . . . , 10(75) corresponding to e\, . . . , e§ 
(Figure^). Then 
ai 

x\ = — , 

»2 

01 = ei(-(eie 3 - e 2 )(eie 4 - e 5 )ii + e 3 (eie 5 - e 4 ))xi{x 2 - x 3 ) 
( 6 - 2 ) + ei 2 e 2 (eie 5 - e 4 )x 2 (x 3 - x x ) + e 2 (eie 5 - e 4 )x 3 (xi - x 2 ), 

0-2 = ei(-(eie 3 - e 2 )(eie 4 - e 5 )ti + e 3 (eie 5 - e 4 ))(.x 2 - x 3 ) 
+ ei 2 e 2 (eie 5 - e 4 )(x 3 - xi) + e 2 (eie 5 - e 4 )(xi - x 2 ), 
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(6.3) 

((eie 3 - e 2 )h + eie 3 )x 4 (x 2 - x 3 ) + ei 2 e 2 x 2 (x 3 - an) + e 2 x 3 (xi - x 2 ) 
((eie 3 - e 2 )ti + eie 3 )(x 2 - x 3 ) + ei 2 e 2 (x 3 - an) + e 2 (xi - x 2 ) 

Conversely we have 

(6.4) 



x 2 



((eie 5 - e 4 )ii 1 + e 1 e 5 )x 1 (x 5 - x 4 ) + e 1 2 e 4 x 5 (x 4 - Xi) + e 4 x 4 (xx - x 5 ) 
((eie 5 - e 4 )ii _1 + e 4 e 5 )(x 5 - x 4 ) + e x 2 e 4 (x 4 - an) + e 4 {x\ - x 5 ) 

x 3 



ai 

a 2 ' 



ai = e 1 (-(e 1 e 5 - e 4 ){e 4 e 2 - e 3 )ti _1 + e 5 (eie 3 - e 2 ))xi(x 5 - x 4 ) 

( 6 - 5 ) +efe 4 (eie 3 - e2)x 5 (x4 - an) + e 4 {e 4 e 3 - e 2 )x 4 {x 4 - x 5 ), 

a 2 = ei(-(eies - e4)(eie 2 - e 3 )ti _1 + e 5 (eie 3 - e 2 ))(x 5 - x 4 ) 

+e\e 4 {e 1 e 3 - e 2 )(x 4 - x\) + e 4 (eie 3 - e 2 )(an - x 5 ). 

If some boundary edges are inward oriented, replace the corresponding parameters 
et with e" 1 . 

Proof. Since x 2 is mapped to x§ by the matrix (J6.ll) . we have 

-l 



(6.6) 



xi 2/i \ f—ti 0\ f xi yi 
1 1 l){0 l' 

(x 2 - yi)*ian + (af 2 - x 4 )y 



(x 2 - yi)ti + (x 2 - x 4 ) 
Applying (|3.2|) to p'\ Pl we have 

,„ ,_, e 2 e 2 a; 2 (:in - x 3 ) + e 2 a; 3 (2; 2 - x\) + eie 3 xi{x 3 - x 2 ) 

( 6 - 7 ) 2/1 = — 7 \ I 7 T-j 7 \ • 

efe 2 (xi - x 3 ) + e 2 (x 2 - an) + eie 3 (x 3 - x 2 ) 

Substitute y 4 of (|6.7p into ()6.6|) . we obtain (|6.3j) . Applying (j32J) to p'|p 2 , we have 

_ e^e^x^xi — x 5 ) + e 4 x 5 (x 4 — an) + e^ 1 e 5 x 1 (x 5 — x 4 ) 
e± 2 e 4 (xi - x 5 ) + e 4 (x 4 ~ x 4 ) + e^ 1 e 5 (x 5 ~ x 4 ) 

Solve the equation for x 4 , we have 

eie 5 x 5 (xi - yi) + e\e 4 x\{y 4 - x 5 ) + e 4 yi(x 5 - x\) 



%4 



eie 5 (xi -yi) + e\e 4 (yi - x 5 ) + e 4 (x 5 - an) 



Substitute y 1 of (JBUJ and x 5 of flO]) into ([6T5]) . we obtain ([63]) . Similarly 
and (16.51) follow from direct calculation. □ 



If ci is on a one- holed torus 5", we take a covering corresponding to the circle 
formed by the edge f\ (the right of Figure SJ. Then S' is lifted to a four- holed 
sphere and we can define the twist parameter same as in the four-holed sphere 
case. 

Combined with the eigenvalue parameters, we have constructed a multivalued 
map 

X SL (S,C) -> E(S,C) x (C*) 39 - 3+fc . 
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Figure 3. A pants decomposition and a dual graph of the four- 
holed sphere S. We take the base point * on the central edge 
and generators 71, . . . , 75 of ni(S, *) as above. We have 717273 = 
7-f 7475 = 1. Here the matrix which sends (x\, x%, p('Ji)x2) to 
(xi, X5, p^jijxs) has eigenvalues \f—t\ X . 




Figure 4. For a one- holed torus, take a covering and define the 
twist parameter as in the four-holed sphere case. 



This is a multivalued map, but once we fix the eigenvalue parameters {ei}i=i,...,3 g —3+2bi 
the twist parameters t, only depends on the conjugacy class of p. We will con- 
sider the change of the twist parameters {ij}j=i,...,3 ff -3+6 under the action of 
(Z/2Z) 3 f- 3+2b (it acts as e< 1— > e" 1 on E{S,C)) in Section^ 

Since t\ is defined in terms of fixed points, it is also defined for a PSL(2,C)- 
representation satisfying (C1)-(C2) once we fix the eigenvalue parameters {e,-}j = i ) ... ) 3 ff _3-|_2&' 
Since the fixed points docs not depend on the choice of a lift to an SL(2,C)- 
representation, the action of Hi(G,dG;Z/2Z) on the twist parameters is trivial. 
(This can also be checked from the formulae of Lemma 16.21 ) So we also have a 
multivalued map 

X' PSL (S,C) -> (E(S,C)/H 1 (G,dG;Z/2Z)) x (C*) 39 " 3+fc . 

This induces a map 

(6.9) X' PSL (S,C) -> {(E(S,C)/Hi(G,dG;Z/2Z)) x (C*) 3 ^ 3+fc )/(Z/2Z) 39 - 3+26 . 
We end this section by giving formulae on t\ which will be needed later. 
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Lemma 6.2. Let ei,...,e5 be the eigenvalue parameters, the twist parameter t\ 
and xi, . . . , X5 the fixed points as before. Then we have 

(6.10) h = -1 + 62 ^ ~ &l) [x 5 :x 3 :xi: x 2 ], 

e 2 - eie 3 

rnii\ * eie 5 - e 4 ( e 2 (l - ef) 

(6.11) ti = ? r -1 H : £ 3 : x\ : cc 2 

ei(eie 4 - e 5 ) V e 2 - eie 3 

e ,(l — e 2) 

(6.12) *r = — 1 + -=i ^-[x 2 : xa : xi : x 5 ], 

e 4 - eie 5 

Criq^ +-i eie 3 -e 2 / e 4 (l-ef) 

(6.13) i x = r -H [x 3 : x A : x\ : x 5 \ 

ei(eie 2 - e 3 J \ e 4 - eie 5 

Proof. From (|6.3p . we have 

(-(e 2 - eie 3 )ti + eie 3 )(o:i - x 5 )(a;2 - x 3 ) + ei 2 e 2 {x 2 ~ x 5 )(x 3 - x{) 

+e 2 (x 3 - x 5 )(a;i - x 2 ) = 0. 

Since (x x - x 5 )(x 2 - x 3 ) + (x 2 ~ x 5 )(x 3 ~ x±) = — (x 3 - x 5 )(xi - x 2 ), we have 

h = (eie 3 - e 2 - (ei 2 e 2 - e 2 )[x 5 : x 3 : x\ : x 2 \) 

e 2 - eie 3 

e 2 (l — e?) r 

= — 1 H F5 : x 3 : xi : x 2 J. 

e 2 - eie 3 

Similarly ([BTTTjl . (|6~12| . (|6~T3l) follow from (^2]l . (|63]) . ([BT3|l respectively. □ 

7. Matrix generators 

We assigned eigenvalue parameters and twist parameters U for a given SL(2, C)- 
or PSL(2, C)-representation satisfying (C1)-(C2). In this section, we construct a 
representation from these parameters. Actually, we can construct explicit matrix 
generators of the representation. 

7.1. Let S = S 3t b be a surface and fix a pants decomposition C and a dual graph 
G. We assign a complex number e; £ C \ {0, ±1} to each edge of G. We assume 
that (ei, . . . , e 3g _ 3 + 2 fc) is in E(S, C) to ensure that the restriction to each subgroup 
corresponding to a pair of pants P C S \ N(C) to be irreducible (Proposition 
13. 2[) . We also assign a twist parameter ti G C* to each interior edge of G. Fix a 
maximal tree T in G, then we obtain a presentation of tti (5) as in ij4.2l We denote 
the oriented edges of G\T by Ui, . . . u g . Let 014, Pi and Si be generators of Tri(S') 
defined in $4.2{ We will give matrices p(ati), p(Pi) and p{Si) satisfying the relations 
given in H4.'2{ 

Let G be the universal covering of G. (If g = 0, G is G itself.) Each edge of G 
inherits an orientation and eigenvalue and twist parameters from those of G. For 
each trivalent vertex of G, we fix a counterclockwise (with respect to the orientation 
of S) order on the edges adjacent to the vertex. The order at a trivalent vertex of 
G lifts to an order of the edges adjacent to a trivalent vertex of G. (So G and G are 
not only graphs but also "fat graphs".) Let T be a lift of T to G. Fix a trivalent 
vertex p of T. We assign three distinct points of CP 1 to the three edges adjacent to 
p to keep track of the fixed points corresponding to the boundary curves of a pair 
of pants. Using (|6.2p and (|6.3p (or (|6.4|) and (|6.5[1 ) inductively, we assign elements 
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of CP 1 to all edges of G, especially all the edges of T and the edges adjacent to 
them. We call them the fixed point parameters associated to the edges of G. 

For each vertex v of G, we assign a representation of the fundamental group of a 
pair of pants as follows. Let (xi,X2,Xs) be the fixed point parameters of the three 
edges adjacent to v in the order. We let (ei, e%, e^) be the eigenvalue parameter or 
its inverse depending on whether v is an initial or terminal vertex of the edge. From 
(ei, e2, 63) and (xi, X2, £3), we can construct an SL(2, (C)-representation of the pair 
of pants uniquely (not up to conjugation) by Proposition 13.11 Consider two ver- 
tices of G joined by an edge. There are two representations corresponding to these 
vertices. At a common interior pants curve, they have same fixed point but inverse 
eigenvalues each other. Recall that M(e;x,y) = M(e~ 1 ;x,y)~ 1 . These representa- 
tions can be combined into a representation of four-holed sphere. Construct repre- 
sentations for all vertices of T, we obtain a representation p : ni(So) —> SL(2,C), 
where So is the surface obtained from S by removing the interior pants curves 
intersecting G\T (see £14. 2[) . Thus p satisfies the relation 

p(ati)p(a g+1 ) . . . p(a g )p(a g+g )p(5 1 ) . . . p(S b ) = I. 

(As we remarked in i j4.2L the relation may be a permutation of the above one 
depending to the choice of G and T.) 

Finally we will construct the matrices p(/3i). There are two lifts of Ui to G which 
are adjacent to T. We denote the one which emanates from T by and the one 
which terminates at T by u^- (see Figured]). Let (resp. w^-) be the initial 
vertex of Ui ; + (resp. Ui t -). We remark that Vi.+ and Vi t - are projected to the 
same vertex of G. We let and Xi.i be the eigenvalue parameter and the fixed 
point parameter associated to . Then we let (a^i, £,,2, ^,3) be the fixed point 
parameters of the edges adjacent to the vertex vi.+ in counterclockwise order (see 
Figure HJ). Similarly, let x\ x be the fixed point parameter associated to and 
(xj j , x[ 2 , x[ 3 ) be the fixed point parameters of the edges adjacent to the vertex Vi t + 
in counterclockwise order. We remark that the eigenvalue parameter associated to 
Ui- is ei since and are projected to the same edge of G. We define p{j3i) 
by the unique element of PSL(2,C) which sends (x' itl , x' i>2 , x\ 3 ) to (a^i, x^, 2^3) 
determined by Lemma 12.21 (We remark that if we define Vi + (resp. by the 

terminal vertex of (resp. Uj,-) instead, the resulting matrix p(ft) does not 
change.) We fix a lift of p(/3i) to SL(2, C) although there is no canonical choice. 
Recall that Xi.i (resp. x[ x ) is one of the fixed points of p(oti) (resp. p(a g +i)) 
corresponding to the eigenvalue (resp. e^ -1 ). We denote the other fixed point 
of p(oti) (resp. p(a g +i)) by (resp. y[ 1 ). Since we associated the fixed point 
parameters to the edges of T equivariantly, we have p{Pi)y[ 1 = y^. Thus we have 

Piag+i)" 1 = ^Cei -1 ;^,!,^,!)" 1 = M{e l ;x' il ,y' ll ) 

= p{fii)~ 1 M[fii\x i , 1 ,y iil )p[Pi) = p{pi)- 1 p[fli)p[fii). 

This means that p satisfies the relations (14.11) . thus p gives rise to an SL(2.C)- 
representation of tt\(S). Although p depends on the choices of the signs of p(0i) as 
an SL(2, C)-representation, it is uniquely determined as a PSL(2, (C)-representation 
by the eigenvalue and twist parameters and the three points of CP 1 assigned to the 
edges adjacent to p. 
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Figure 5. 



If wc change the assignment of the first three points of CP 1 to the edges adjacent 
to p, the resulting fixed point parameters of G are obtained by the action of an 
element of PSL(2,C) from the original one since (|6.2[) - (|6.5j) are equivariant with 
respect to the action of PSL(2,C). Thus the resulting representation differs from 
the original one only by conjugation as PSL(2, (C)-rcprcscntations. As a result, we 
have the following. 

Theorem 7.1. Let (e^tj) € E(S,C) x (C*) 39 - 3+b . There exists a PSL(2,C)- 
representation whose eigenvalue parameters and twist parameters coincide with 
{ei,tj) up to the action of (Z/2Z) 3 s- 3 + 2 <> and H\{G, dG\ Z/2Z). This gives a ra- 
tional map 

E{S,C) x (C*f 9 ~ 3+b ^X' PSL (S,C) 

where E(S,C) is the subset of C 39 - 3+2b defined in (5J\) . H^G, dG; Z/2Z) acts on 
E(S, C) and the above map induces 

(E(S,C)/H 1 (G,dG;Z/2Z)) x (C*) 39 ~ 3+b -> X' PSL (S, C). 

Furthermore (Z/2Z) 3ff ~ 3+2h acts on the left hand side and induces a bijective map 

(7.1) ((E(S,C)/H 1 {G,dG;Z/2Z)) x (C*) 39 - 3+fc )/(Z/2Z) 39 - 3+2h -> X' PSL (S, C). 

Proof. The last statement follows from the fact that the map (|7.ip gives the inverse 
of the map (|6l)]). □ 

We can also construct a rational map to Xp SL (S,C), but in this case the con- 
struction is more complicated since there is no natural choice of the signs of the 
eigenvalue parameters. 

For a point of E(S,C) x (C*) 3g ~ 3+b , we have constructed a homomorphism 
7Ti(So) -> SL(2, C) and p{/3 t ) G PSL(2, C) which give a PSL(2, C)-representation of 
ni(S). If we fix a lift p(fli) G SL(2, C) of p((3i), we obtain an SL(2, C)-representation 
of iri(S). Since any other lift of p(Pi) is written as e{p{pi) G SL(2,C) for some 
e, = ±1 and {ei}i=i g can be regarded as an clement of Hom(i?i(G), Z/2Z), 
we can construct a covering map Y —> E(S, C) x (c*^) 3 9- 3 + b with covering group 
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H 1 (G;Z/2Z) = Hom(i?i(G), Z/2Z) satisfying the following commutative diagram: 



Y 



Rsl{S, C) 



X S l(S, C) 



H 1 {G;Z/2Z) 

E(S,C) x (c*fg-s+b 



As a result, we have the following theorem. 

Theorem 7.2. There exists a covering map 

Y^E{S,C) x (<c*) 3 s- 3 + b 

imfft covering group H 1 (G;Z/2Z) smc/j i/iai i/iere is a map Y -4 Xsl(S,C) which 
induces a bijection 

Y/(Z/2Z) 3 f- 3+2fc -> Xsz,^, C). 

Proo/. We construct an inverse of Y/(Z/2Z) 3 s- 3+2b -> X SL (S,C) as follows. For 
an element [p] of Xsl(S,C), fix a representative p in Rsl(S,C). Choose one of 
the eigenvalues of p(c) for each pants curve c. Then the twist parameters {tj} 
are uniquely determined. By the signs of we determine a point of Y. If we 

choose other eigenvalue parameters, they are related by the action of (Z/2Z) 35 ~ 3+2fc . 
Therefore the map X SL (S,C) -> y/(Z/2Z) 3 f- 3+2b is well-defined. Conversely we 
can reconstruct an SL(2, (C)-representation from these parameters as discussed be- 
fore. □ 



Our results are summarized in the following diagram: 

^ (Z/2Z) 3s " 3+2b 
H 1 (G;Z/2Z) 

E(S,C) x (C*) 3 f- 3 + h 

Hi(G,dG; 



ff 1 (S;Z/2Z) 



(Z/2Z) 39 ~ 3+2b 

(E(S,C)/H 1 (G,dG;Z/2Z)) x (C*) 3 9~ 3+b — *- X' PSL (S,C)<- 



We remark that 



X SL (S,C)^X' PSL (S,C) 



and 



(E(S,C)/H 1 (G,dG;Z/2Z)) x (C*) 3 s- 3+b -> X^ Si (S,C) 



■Xsl(S) 



Xpsl(S) 



are not covering maps in general but just quotient maps by the action of H 1 (5; Z/2Z) 
and (Z/2Z) 3s ~ 3+2b respectively. The first one was remarked in |MS88j and the sec- 
ond one is because — e,; = 1/e, if e; = ±\/— I. The above diagram induces the 
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following diagram: 



Y/{Z/2Z) 3 9- 3+2b 

H 1 (G;Z/2Z) 

(E(S,C) x (C*) 3 9- 3+h )/(Z/2Z) 3 9- 3+2b 

ffi(G,9G;Z/2Z) 



Xsl{S, C) 



C 



{(E(S,C)/H 1 (G,dG;Z/2Z)) x (C*) 3 9- 3 + fc )/(Z/2Z) 3 9- 3+2h A^ Si (S, G)t- 

Again we remark that 

{E(S, C)x(C*) 39 ~ 3+b )/(Z/2Z) 39 ~ 3+2b 

-> ((E(S,C)/H 1 (G,dG;Z/2Z)) x (C*) 39 - 3+b )/(Z/2Z) 3!? - 3+2b 



is just a quotient map by the action of -ff 1 (G, <9G; Z/2Z). 



8. Examples 

In this section, we apply the construction of $7] to So, 4, <Si,i and 52, o- First two 
examples play an important role in the transformation formulae ( i)10p . 



8.1. Four-holed sphere. Take a pants decomposition C and a dual graph G of 
5*0.4 as in Figure [3] Then G itself is a maximal tree and G = G. We assign a pair 
of eigenvalue and twist parameters (ei, t\) to the interior edge of G, and eigenvalue 
parameters e 2 , e 3 , e 4 , e§ to the boundary edges of G. Let Xi be the fixed point pa- 
rameter of the edge corresponding to ej. We assume that the fixed point parameters 
corresponding to the lower trivalcnt vertex are (x\, X2, X3) — (00, 1,0). We apply 
(|6.2p and (|6.3|) for (xx,^,^) = (00, 1,0) and (ei, e 2 , e 3 , e4, e 5 ) = (ei, e 2 , e 3 , e4, e 5 ). 
Then we have 

_ ei(eie 3 - e 2 )(eie 4 - e 5 )ti + ei(eie 2 - e 3 )(eie 5 - e 4 ) 
(ei 2 - l)e 2 (eie 5 - e 4 ) 
-(eie 3 - e 2 )ti + ei(eie 2 - e 3 ) 
(ei 2 - l)ea 



Applying (|3.1[) for (ei, e 2 , e 3 ) and (00, 1, 0), we have 
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Applying (|3.1|) for (ei -1 , e 4 , es) and (oo, Xi, X5), we have 



p(7i) 
an 
a-12 



an 012 
\a2i 022, 

ei(e 4 + e 4 -1 ) _ (e 5 + es' 1 ) _ (1 - eie 4 e 5 )(eie 5 - e 4 )(eie 2 - e 3 ) 
ei-ei^ 1 ei-ei^ 1 (ei 2 - l)(eie 3 - e 2 )e 4 e 5 ii 

ei 



(8.2) 



021 



Q22 



(ei 2 - l) 2 e 2 (eie 3 - e 2 )e 4 e 5 ^i 

x ((eie 3 - e 2 )(eie 4 - e B )*i + (eie 5 - e 4 )(eie 2 - e 3 )) 
x ((eie 3 - e 2 )(e 4 e 5 - ei)ti + (eie 2 - e 3 )(l - eie 4 e 5 )), 
e 2 (eie 5 - e 4 )(eie 4 e 5 - 1) 

ei(eie 3 - e 2 )e 4 e 5 ti 
_ e 4 - e 4 ~ 1 e 5 + e,^ 1 (1 - eie 4 e 5 )(eie 5 - e 4 )(eie 2 - e 3 ) 

ei(ei-ei _1 ) ei - ei -1 (ei 2 - l)(eie 3 - e 2 )e 4 e 5 ii 



We omit the matrix ^(75) since it is equal to (p(7 2 )p(73)p(7 4 )) • We compute 
some traces for later use. 

(8.3) 

, / / 1 ( (e 2 e 3 - ei)(eie 3 - e 2 ) (e 4 e 5 - e!)(eie 4 - e 5 ) 

tr [p 7374)) = 7 *i 

(ex-ei L y\ eie 2 e 3 eie 4 e 5 

(1 - eie 2 e 3 )(eie 2 - e 3 ) (1 - eie 4 e 5 )(eie 5 - e 4 ) 1 



eie 2 e 3 eie 4 e 5 ti 

+ (ei + er 1 )((e 3 + e 3 ' 1 )(e 5 + e^ 1 ) + (e 2 + e2 _1 )(e 4 + e^ 1 )) 

- 2((e 2 + e 2 _1 )(e 5 + eg" 1 ) + (e 3 + e 3 -1 )(e4 + ei" 1 )) 



(8.4) 

, u 1 /(e 2 e 3 - e 1 )(e 1 e 3 - e 2 ) (e 4 e 5 - e 1 )(e 1 e 4 - e 5 ) 

(d - ei 1 ) z V eie 2 e 3 eie 4 e 5 

(1 - eie 2 e 3 )(eie 2 - e 3 ) (1 - eie 4 e 5 )(eie 5 - e 4 ) 1 
eie 2 e 3 eie 4 es eiti 

+ (ei + er 1 )((e 2 + e 2 ~ 1 )(e 5 + e 5 _1 ) + (e 3 + e 3 -1 )(e 4 + e^T 1 )) 

- 2((c a + e 2 - 1 )(e 4 + e^ 1 ) + (e 3 + e-T 1 )^ + e.s^ 1 ))^ . 

(8.5) 

, , / u 1 /(e 2 e 3 - ei)(eie 3 - e 2 ) (e 4 e 5 - ei)(eie 4 - e 5 ) <i 

tr(p(7375)) = 



(ei - ei^ 1 ) 2 \ eie 2 e 3 eie 4 e 5 ei 

(1 - eie 2 e 3 )(eie 2 - e 3 ) (1 - eie 4 e 5 )(eie 5 - e 4 ) ei 
eie 2 e 3 eie 4 e 5 ii 

+ (ei + er 1 )((e 2 + e^ 1 )^ + e^ 1 ) + (e 3 + e 3 ; 1 )(e 4 + ej 1 )) 

- 2((e 2 + e^ 1 )(e 4 + e7 x ) + (e 3 + e^)(e 5 + e^))^j . 

We remark that tr(7 2 7 4 ) is obtained from tr(7 3 7s) by Proposition ! 1 .61 since 7 2 7 4 = 
7f 73~ 7i75~ ~ 73~ 7i75~ li an( i thus 7274 is obtained from 73" 7^ by the right 
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handed Dehn twist along 71 . From (|8.4|) and (|8.5|) , we have 
(ei - ei _1 ) 2 (e 1 tr(p(7 2 7 4 ) - e^ 1 tr(p(7 3 7 5 )) 

(e 2 e 3 - e 1 )(e 1 e 3 - e 2 ) (e 4 e 5 - e 1 )(e 1 e 4 - e 5 ) 2 1 

"( ei _ r^)* 



eie 2 e 3 eie4e 5 e x 2 ' 



(8.6) 



+ (ei-ei ^(ei + ei 1 )((e 2 + e 2 ^(es + e 5 x ) + (e 3 + e 3 + e 4 x )) 
- 2(ei - er 1 )((e 2 + e^ 1 )^ + ej 1 ) + (e 3 + e^)(e 5 + e^ 1 )). 
Thus we have 

_ 1 eie 2 e 3 eie 4 e 5 

ei + ei -1 (e 2 e 3 - ei)(eie 3 - e 2 ) (e 4 e 5 - ei)(eie 4 - e 5 ) 

^(ei - ei~ 1 )(eitr( / 9(7 2 7 4 ) - ei" 1 tr(p(737s)) 

- (ei + er 1 )((e 2 + e- 1 )(e 5 + e^ 1 ) + (e 3 + e" 1 )^ + e 4 x )) 

+ 2((e 2 + e 2 - 1 )(e 4 + e 4 x ) + (e 3 + eg 1 )(e 5 + e^ 1 ))^ . 

This means that the twist parameter can be computed from traces and eigenvalue 
parameters. 

Rewriting (|8.3[) . we have 

tr(p(737*)) = 7 1 —Tv (- (<- + -) " ( e3 + e 3 ')) f (~ + -) - ( e 4 + e 4" 1 )) *i 

(ex-ei J \ V e 2 ei / \ e 5 e i / 

- ( (eie 2 + — ) - (e 3 + e^ 1 ) ] [ (eie 5 + — ) - (e 4 + e 4 _1 ) ) — 
V eie 2 / V eie 5 / ti 

+ (ei + ef 1 )^., + e 3 _1 )(e 5 + eg" 1 ) + (e 2 + e 2 _1 )(e 4 + e 4 " 1 )J 

- 2Me 2 + e 2 - 1 )(e 5 + es" 1 ) + (e 3 + e 3 - 1 )(e 4 + e4 -1 )^ J . 

We can observe that tr(p(7 3 7 4 )) is invariant under e 3 O e 3 _1 and e 4 O e 4 _1 . 

8.2. One-holed torus. The surface S^i decomposed into one pair of pants. We 
take a dual graph G and give the eigenvalue parameters e\, e 2 , and the twist param- 
eter t 4 as in FigureJSl There is a unique maximal tree T consisting of the boundary 
edge. The associated presentation of ~K\{S\ t i) is given by 

(a 1 ,a 2 ,(3i,S 1 I ai<5iO! 2 = 1, a? 1 = ^ 1 ai/3i) 

= (ai.jSi,*! 1 [/3rW] = 

(sec Figure [6]). Then wc define fixed point parameters x\,...,xs of some edges of 
G as in the right of Figure El We let (xi, x%, X3) = (00, 0,1). Applying (|3.ip for 
(ei, e 2 , e^f 1 ) and (00, 0, 1), we have 

<«=(o ^"e^ 2 " 1 )' ^^(ef^ e 2 ) ■ 

e 2 -e 4 e i + e 1 - e 1 e 2 J 
Applying (|6.2| and (|6.3|l to (ei, e 2 , e 3 , 64, es) = (ei,e 2 ,e^ ,ei,e 2 ) and (xi, £2,2:3) = 
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Figure 6. The left is a dual graph G and a maximal tree T 
(colored red). The center indicates its associated generators of 
7ri(<Si,i)- The right is G and there Xi are fixed point parameters. 
(We put G on the plane to be compatible with the order at each 
vertex.) 



(oo, 0, 1), then we have 



X4 



X5 



ej-e 2 I - e 2 

e 2 (e?-l) 1+ e 2 ( e ?-ir 
(ti + lXl-ea) 



e 2 (e 2 - 1) 

Because p(/?i) is the matrix which sends (oo,0, 1) to (2:4, £5,00), we have 



(8.7) p(fa) 
by Lemma 



1 /(e a - e\)h + (e a - 1) (*i + 1)(1 - e 2 ) 

~ s/^h(ej - 1) V - e 2(e? - 1) e 2 (e? - 1) 

Actually these matrices satisfies the equality 
p{P 1 )- 1 p( ai )- 1 p(J3i)p(a 1 )=p{8 1 )- 1 . 



If we fix a sign of \f—e$ti, we obtain a lift to a SL(2, C)-representation. We have 
(8.8) 

(d 2 - e 2 )ti + 1 - e 2 e 2 



tr(p(^)) = - 



1 



ei - ei 



- ( 



ei 



-e 2 . 



-e 2 



ei 



)V*i + (er 



1 



1 



-e 2 



(8.9) 

tr(/>(aift)) 



(ei 2 - e 2 )ei 2 ti + 1 - ei 2 e 2 



(ei 2 - l)eiV-e 2 ti 



1 



ei - ei 



-e 2 



ei 



-e 2 . — 1 

-)eiV*i + (ei\/-e 2 + 



en 



= )- 

e 2 eiV* 



where we choose y/t± and y/—e 2 so that \ft\^J — e 2 = ^/—e 2 t\. Here we have 



(e 1 2 -e 2 )(-l + e 1 2 )t 1 = e x 2 - e 2 
(e 2 - l) v / -e 2 ii v 7 -^ 
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therefore 



f i = , i \* ( tr (p(A)) - ei tr(p( ai A))) 
(8.10) i / i 



ei 



2 



/ — e 2 ei 



tr(p(/3!)) - v^Ttr(p(ai/3i)) 
ei 



When e2 = — 1, we have 

/ei 2er J 

nr ^_ 1 f(e? + l)*i+2 -2(*! + l) 

Let A = /o(tti) and B = p{fix)- The traces of A, £? and AB are given by 
tr(A)=e 1 + e- tr(B) - 1 ^+^)(t 1 + D 
tr(AB) 



*l (ei-e^) 
1 (ei +e ] ; 1 )(e 1 ii + ej" 1 ) 



A (ei-er 1 ) 
Clearly this triple satisfy the Markov identity 

tr(A) 2 + tr(£) 2 + tr(AB) 2 - tx{A) ti-(B) tr(AB) = 0. 



8.3. Closed surface of genus 2. Let C be a pants decomposition of £2,0, G a 
dual graph and T a maximal tree as indicated in Figure [JJ The presentation of 
tti(5'2,o) associated to T is 

(ax, . . . ,a 4 ,/3i, . . . ,/3 4 | a 3 aia 2 a i — 1, =j3f aift, = a 2 /? 2 ) 

= (ai,a aj j8i,ft i [^r'^r 1 ]^,^- 1 ] = 1). 

Let (e^ £i) be the eigenvalue and twist parameters as in Figure [7] We assign fixed 
point parameters xi,...,xg to some edges of the universal cover G of G as in 
the bottom of Figure [7] Assume that (a;i, X2, £3) = (00, 0,1). Then Xn, ...,xg 
are computed by using (|6.2p - (|6.5|) inductively. The matrices p(ai) and p(a 2 ) are 
immediately obtained by applying (|3.1[) to (ei, e2, 63) and (xi, x 2 , x%) = (00, 0, 1): 

p(«i)=r erl -i °y K« 2 )=f -T* 1 -x e2 ^ eie3_i -iV 

V ; \-e 1 + e 2 1 e 3 ex) K ' V~ e 2 + e i e 3 e 2 + e 2 1 - e 1 e 3 1 ) 1 
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(e 2 ,t 2 ) 




((e 2 ,t 2 ),x s ) 
((e 3 ,t 3 ),a;9) 



((ei,ti),a!5) 




((e 1 ,t 1 ),x 7 ) 
A(e 3 ,t 3 ),x 6 ) 



({e 2 ,t 2 ),x 4 ) 



((ei,ti),xi) 



((e3,t 3 ),x 3 ) 
((e 2 ,t 2 ), x 2 ) 




Figure 7. The upper left is a pants decomposition and a dual 
graph G with a maximal tree T (colored red). The upper right 
is the generators of 7ri(S l 2,o) associated to T. The relations are 
a 3 a\a 2 a 4 = 1) o^ 1 = i3\ X ®-ifii an d ct^ 1 = ^ a 202- The bottom 
is G and indicates fixed point parameters x\ € CP 1 . (We put G 
on the plane to be compatible with the order at each vertex.) 

Now p(/3i) is the matrix which sends (25, x%, Xg) to (00, 0, 1) and p(/3 2 ) is the matrix 
which sends (24, xq, £7) to (00, 0,1). From Lemma [2721 we obtain 

1 a \ 1 / On 012 



/il*3 \021 022, 

an = 1 

(e 2 e 3 - ei)(t 3 + 1) 



ai2 = 



021 = 



a 2 2 



ei(e 3 2 -l) ' 
eifti + l)(eie 2 - e 3 ) 
(ei 2 -l)e 2 

(eie 2 e 3 - l)(eie 3 - e 2 )t 1 t 3 - (eie 2 - e 3 )(e 2 e 3 - ei)(ii + t 3 + 1) 



p(&) 



(ei 2 

1 (hi h 2 

(e 2 2 - l)e 3 y/t 2 l 3 ' \hi ^22 



l)e 2 (e 3 2 - 1) 



hi = (eie 2 - e 3 )t 2 - e 2 (e 2 e 3 - d), 

bi2 = -(e 2 e 3 - ei)(e 3 (eie 2 e 3 - l)t 2 i 3 + (e 3 - eie 2 )t 2 

+ e 2 e 3 (e 2 - eie 3 )t 3 - e 2 (ei - e 2 e 3 ))/(ei(e 3 2 - 1)), 

621 = (eie 2 - e 3 )(i 2 + 1), 

622 = -(e 3 (eie 2 e 3 - l)(e 2 e 3 - ei)t 2 t 3 - e 3 (eie 2 - e 3 )(eie 3 - e 2 )t 3 

+ (eie 2 - e 3 )(e 2 e 3 - ei)(l + i 2 ))/(ei(e 3 2 - 1)). 
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Once we fix lifts of p(f3i) to SL(2, C), we obtain an SL(2, (C)-representation p. Ac- 
tually we can check that these matrices satisfy the equality 

p{(i 1 )- 1 p{a 1 r 1 P {(i 1 )p( ai )p{a 2 )p(p 2 r 1 P {a 2 r 1 p(p 2 ) = L 

for any (ei, e 2 , e 3 , t\, t 2l t 3 ) € (C— {0, ±1}) 3 x (C— {0}) 3 . (To obtain representations 
satisfying (C2), restrict the parameters to E(S,C) x (C — {0}) 3 .) Some trace 
functions are given as follows: 

tr(/o(ai)) = ei + e^ 1 , tr(p(a 2 )) = e 2 + e^ 1 , 
( e 2 - ^j)( e 2 " eie 3 )(tit 3 + 1) + (e 2 - ff )(e 2 - + t 3 ) 



tr(p(/3i)) 



(ei - ei 1 )e 2 (e 3 -e 3 1 )V*i*3 



, , a „ (ei - ^)(ei - e 2 e 3 )(t 2 t 3 + 1) + (ej - f )(e 3 - f ){t 2 + t 3 ) 
tr(p(/3 2 )) = 



ei(e 2 -e 2 l )(e3 - e 3 'Jy^ 

9. Action of (Z/2Z) 3 9~ 3+2b 
We have constructed a map 

y Xsds, c) 



E{S, C) x (C \ {0}) 3 ^ 3 + b A^ Si (5) 

where is^S, C) corresponds to the eigenvalue parameters, (C \ {0}) 3£, ~ 3+b corre- 
sponds to the twist parameters and Y —> E(S, C) x (C \ {0}) 3s ~ 3+b is a covering 
map with covering group isomorphic to H 1 (G; Z/2Z). By changing the choices of 
eigenvalues, (Z/2Z) 3s ~ 3+2b acts on E(S,C). This action also affects the twist pa- 
rameters. In this section we describe the action of the group (Z/2Z) 3£,_3+2b on the 
twist parameters. 

9.1. Four-holed sphere. In this subsection, we describe the behaviour of the twist 
parameter corresponding to the interior pants curve on a four-holed sphere. 

We take a dual graph as indicated in Figure [3] and assign eigenvalue param- 
eters ei,...,e5 and twist parameter t\. We simply denote the transformation 
(e 1 ,...,e i ,...,e 5 ) -> (e lt . . . , e' 1 , . . . , e 5 ) by e l -> e, -1 . Then {ej -> e; -1 }^!,...^ 
generates the group (Z/2Z) 5 . 

Theorem 9.1. Define a dual graph and eigenvalue and twist parameters as indi- 
cated in Figured Then the action of (Zi/2'E) 5 on the eigenvalue and twist param- 
eters is given by 



(9.1) 



(ei- 


* e x ' 


- 1 ) 


(ei,*i) = 


(ei 


(e 2 - 


-> e 2 




(e 2 ,ti) = 


(e 2 


(e 3 - 


■> e 3 ~ 




(e 3 ,ii) = 


(es 


(e 4 - 


■> e 4 ~ 




(e 4 ,ti) = 


(f'4 


(e 5 ~ 


> e 5 " 


- 1 ) 


(e5,*i) = 


(e 5 



e 2 e 3 - ei e x e 3 - e 2 
1 - eie 2 e 3 eie 2 - e 3 



_! e 4 e 5 - ex e 4 e 4 - e 5 . 

! I 

1 — eie4e5 e 4 e5 — e 4 
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(We omit the parameters which are invariant under the action.) If the orientation 
of the edge corresponding to ei (i = 2,3,4,5) is reversed, replace ei by a~ x in the 
coefficient of t\ . 

We remark that these commute and give an action of (Z/2Z) 5 . For example, we 
have 

(ei ei" 1 ) • ((e 2 e 2 ~ 1 ) ■ (ei,e 2 ,ti)) 

/ , -lw -1 e 2 e 3 - e i e i e 3 - e 2 , s 

= (e x ->ei )-(ei,e 2 , ii) 

1 - eie 2 e 3 eie 2 - e 3 

/ -i -i 1 - eie 2 e 3 eie 2 - e 3 x . 

= (ei ,e 2 , ti ') 

e 2 e 3 - ei eie 3 - e 2 

/ -i -i e 2 e 3 -ei _1 ei _1 e 3 -e 2 , 

= (ei ,e 2 ,- — ^ ti ) 

1-ei x e 2 e 3 ei ^ — e 3 

= (e 2 e 2 _1 ) ■ (ei~ 1 ,e 2 ,ii _1 ) 

= (e 2 e 2 _1 ) ■ ((ei -> e^ 1 ) • (ei, e 2 , ti)). 

We remark that these only describe the effects on t\ and other twist parameters 
adjacent to these edges may change. 

Proof. By ()6.10|) . we have 

e 2 (l — e?) 

ii = — 1 H xs : x 3 : xi : x 2 J 

e 2 - eie 3 

If we replace e^ by e^~ l , then X4 is replaced by y± where 7/4 is the other fixed points. 
Therefore t\ does not change. If we replace e 2 by e^ 1 , then x 2 is replaced by y 2 
and 

e|e 3 a; 3 (a; 2 - xi) + e 3 xi(x 3 - x 2 ) + e 2 e\x 2 {x\ - x 3 ) 



Vi = 



ele 3 (x 2 - xx) + e 3 (x 3 - x 2 ) + e 2 e 1 (a; 1 - x 3 ) 



by (|3.2j) . Thus the new twist parameter t\ is given by 

ti = - 1 + -4t -N : x 3 : Xi : y 2 ] 

e 2 - eie 3 

= - 1+ ( 1 ~ e l) X 1~ X 3 

1 - eie 2 e 3 Xi - x 5 
e|e 3 (x 3 - x 5 )(x 2 - Xi) + e 3 (x l - x 5 )(x 3 - x 2 ) + e 2 e 1 (x 2 - x 5 )(x 1 - x 3 ) 



- 1 



e 3 (xi - x 3 )(x 3 - x 2 ) + e 2 ei(x 2 - x 3 )(xi - x 3 ) 
(1 - ef) (e 3 - e\e 3 ){x\ - x 5 )(x 3 - x 2 ) + (e 2 ei - e\e 3 )(x 2 - x 5 )(xi - x 3 ) 
1 - eie 2 e 3 (e 2 ei - e 3 )(x 2 - x 3 )(xi - x 5 ) 



1 1 (1-ej) ( e 3 (l-e|) e 2 ( ei -e 2 e 3 ) r 
1 + 1 [x 5 : x 3 : xi : x 2 

1 - e\e 2 e 3 \ e x e 2 -e 3 e x e 2 -e 3 

e 2 e 3 -ei e Y e 3 - e 2 ( e 2 (l-ef) 

— H [X5 : x 3 : x\ : x 2 



c\c 2 - e 3 1 - eie 2 e 3 \ e 2 - eie 3 

e 2 e 3 - ei e\e 3 — e 2 

= t ti. 

e x e 2 - e 3 1 - eie 2 e 3 

By a similar calculation for (|6.12|) . we obtain the behavior under e 3 — > e^ 1 and 
eg — > 65 _1 . The action of e\ — > e\~ l follows from a similar calculation or the 
definition of the twist parameter. □ 
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Figure 8. 

9.2. One holed torus. Next we describe the behaviour of the twist parameter 
corresponding to the interior pants curve on a one-holed torus. 

Theorem 9.2. Take a dual graph and parameters as in the left of Figured Then 
(Z/2Z) 2 acts as 

(ei -> ei" 1 ) • (ei,*i) = (ei _1 ,ii _1 ), 

(e 2 -)-e 2 1 -(e 2 ,ti ) = (e 2 , — s 7 

Vei^e 2 - 1/ 

Ta&e a dwaZ graph and parameters as in the right of Figure^ Then (Z/2Z) 2 acts 



(e x ex x ) • (e l5 tx) = (ex 1 ,i 



i + -i\ 



(9.3) 

(e 2 -> e 2 x ) • (e 2 ,tx) = (e 2 \tx). 

Proof. Considering a covering space as in Figure HI we reduce the calculation to 
the case of four-holed sphere. In the case of the left of Figure [3 by (|9.1j) . we have 
(ex -> ex -1 ) • (ex,tx) = (ex~\ tx -1 ) and 

_x\ . ( e 2 ex _1 - ei exex - — e 2 \ / exe 2 — ex ex ex — e 2 



(e 2 -> e 2 ) • ti = 



eie 2 ei 1 exe 2 — ex / \ 1 — exexe 2 exe 2 — ex 

e 2 ei _1 - ei exe! - e 2 /e 2 -ex 2 \ 2 

-tx = —5 7 *x- 



eie 2 — ex 1 1 — exexe 2 \ e i 2e 2~l, 
In the case of the right of Figure [HI again by (|9.ip . we have (e 2 — » e 2 _1 ) • (e 2 , ix) 
(e 2 _1 ,ix) and 



(ex ex" 1 ) ■ ix = ^ 



ex x e 2 — ex eie 2 — ex x \ / e 2 ex — ex exe 2 — ex 



1 — exex x e 2 exex 1 — e 2 j \ 1 — exe 2 ex exex — e 2 
l 



□ 



9.3. Example: closed surface of genus two. It is easy to check that the trace 
functions of the four-holed sphere given in §8. II are invariant under the action of 
(|9.1j) . It is also easy to check that the trace functions of the one- holed torus given 
in £18.21 are invariant under the action of (|9.2p . 

We apply the transformation formulae to the surface of genus two. Applying the 
formula in (|9.1[) . the effect on t\ under the action of e 2 — > e 2 _1 is given by 

e 2 e3 — ex exe3 — e 2 \ / e3 _1 e 2 _1 — ex exe3 _1 — e 2 _1 



, _X\ , / C2C3 — ex c l c 3 — t;2 \ / C3 c 2 — ex C1C3 — <= 2 i 

e 2 -> e 2 L )-h = — — — j- =7 — * 

\l-exe 2 e 3 exe 2 - e 3 / VI - exe 3 l e 2 1 exe 2 1 - e 3 L J 
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Figure 9. (Ill) Vertex move 

By similar calculations, the action of (Z/2Z) 3 on the parameter space is given by 
(ei,e 2 ,e3,fi,f2,i3) H> (ei _1 , e 2 , e 3 , i 2 , £3), 
(ei,e 2 ,e 3 ,ii,i 2 ,i 3 ) ^ (ei, e 2 _1 , e 3 , ii, rj 2 _1 , £3), 
(ei,e 2 ,e3,ii,i 2 ,i 3 ) 1— > (e 1 ,e 2 ,e 3 ~ 1 ,ti,t 2 ,t 3 ~ 1 ). 

Actually the trace functions in £18.31 arc invariant under the action. 

10. Transformation formula 

Our parametrization is defined for a given pants decomposition with a dual 
graph. In this section we give transformation formulae under changes of dual graphs 
and pants decompositions. We define five types of moves among pants decomposi- 
tions with dual graphs. We will show that any two pants decompositions with dual 
graphs are related by these moves. Then we give transformation formulae for these 
moves. 

10.1. Elementary move and dual graph. We define five types of moves between 
pants decompositions with dual graphs: 

(I) Reverse orientation: Reverse the orientation of an edge of the dual 
graph. 

(II) Dehn twist: Change the dual graph by a (left or right) Dehn twist along 
a pants curve. 

(III) Vertex move: For a vertex of the dual graph, change the edges adja- 
cent to the vertex by their right half-twists as Figure [9l 

(IV) Graph automorphism: Composite an automorphism ip : G — > G pre- 
serving the orientations of the edges. (Change (G, (g, G)) to (G, (goip, G)).) 

(V) Elementary move: On a subsurface homeomorphic to a one-holed torus 
or a four-holed sphere, we define the moves as indicated in Figure 1101 In 
the one-holed torus case, this is obtained by a clockwise rotation of angle 
tt/2 (FigureEJ). 

Except elementary moves, these moves do not change the pants decomposition. 

Lemma 10.1. Let C be a pants decomposition of S. Let g\ : G\ — > S and g 2 ■ 

G 2 — > S be dual graphs dual to C. Then (gi,G\) and (g 2 ,G 2 ) are related by a 
sequence of type (I)-(IV) moves and their inverses. 

Proof. Consider the restriction of the images gi(G±) and g 2 (G 2 ) on a pair of pants 
P C S\ N(C). These are tripods on P whose endpoints of the legs are on different 
boundary components. We remark that there are two such tripods on P up to 
isotopy preserving boundary of P setwise (not pointwise), and they are related by 
a type (III) move each other. Hence we assume that g\ iG\) and <? 2 (G 2 ) coincide 
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Figure 10. Elementary moves of pants decompositions with dual graphs. 



except on annular neighborhoods of the pants curves. Performing Dchn twists near 
the pants curves, we assume that gi(G\) and 52 (G2) coincide. Then there exists a 
homeomorphism ip : G\ — > G2 satisfying g\ o ip = g 2 which may not preserve the 
orientations of the edges. If ip does not preserve the orientations, perform type (I) 
moves. □ 

Proposition 10.2. Any two pants decompositions with dual graphs are related by 
a sequence of type (I)-(V) moves and their inverses. 



Proof. Hatcher and Thurston |HT80| showed that any two pants decompositions 
are related by elementary moves. Two pants decompositions C and C are related 
by an elementary move if C is obtained from C by replacing a pants curve c € 
C by a curve c' which intersects c minimally and does not intersect other pants 
curves. (Locally, elementary moves are indicated in Figure [10] by forgetting dual 
graphs.) There are infinitely many ways to perform elementary moves with respect 
to a given interior pants curve, but there is a unique elementary move for a pants 
decomposition with a dual graph. 

Let (Ci,Gi) and (C2,G2) be two pants decompositions with dual graphs. By 
Hatcher and Thurston's result, C\ and Gi are related by a sequence of elementary 
moves of pants decompositions. Therefore we only have to show that an elementary 
move can be realized by a sequence of (I)-(V) moves. We assume that C\ and C2 
are related by one elementary move which exchange a pants curve c € C\ to d G C2 ■ 
When c (and c') is on a one-holed torus, then we can change the dual graph G\ by 
type (II) and (III) moves so that G\ does not intersect c'. Then a type (V) move 
exchanges c to c'. When c (and c') is on a four-holed sphere, then we can also 
change the dual graph G\ by type (II) and (III) so that a type (V) move exchanges 
c to c'. Therefore we assume that C\ is equal to C2 . Applying Lemma 110.11 we 
conclude that (C\, G\) is related by a sequence of (I)-(V) moves to (C2, G2). □ 



10.2. Transformation formula. By Proposition 110.21 we only have to describe 
the transformation formulae for type (I)-(V) moves. Since type (IV) move results 
in a permutation of parameters, we give formulae for type (I), (II), (III) and (V) 
moves. 
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1 










-> 


>— 



Figure 11. 

Proposition 10.3 (Type (I) move). Let ei,...,e$ and tj be the eigenvalue and 
twist parameters as in the left of Figure \JM When we replace the orientation of the 
edge corresponding to (ei,ti), then the new parameters (e^,^) are given by 

e 3 eie 5 



(10.1) 



(ei,M = (ei , ■ 



eie 3 — e2 eie4 — es 

Remark 10.4. If one of the edges corresponding to e2, . . . , e§ is inward oriented, say 
ei, replace the parameter in the formula by its inverse e^ -1 . We also apply this rule 
to other formulae in this section. When we reverse the orientation of the edge on a 
one- holed torus, apply the formula by taking a cover as in Figure 2] 

Remark 10.5. There are two choices of eigenvalues in the formula, but it is natural 
to take e[ = e^ 1 to be consistent with the notation of i j6.ll 

Proof. Let x\, . . . , x% be the fixed points as in the Lemma [ 

e 4 (l-er 2 ) 



By (|6.10j) . we have 



ti = -1 



= -1 



e 4 - 
e 4 (l 



[x 3 : x 5 
ei l e5 



x\ : X4\ 



2 ) 



e 4 - ei ^5 



(1 - [x 3 : x 4 : xi : x 5 ]). 



By (|6.13|) . we have 



t[ = 1 



^(i-er 2 ) 

e 4 - ei _1 eg 



e 4 - eie 5 
e 4 (l- ei 2 ) 



ei(eie 2 - eg) 
ti(eie3 - e 2 ) 



e!e 2 - e 3 eie 5 - e 4 1 
eie 3 - e 2 e 4 e 4 - e 5 < 4 



□ 



Proposition 10.6 (Type (II) move). Let (C\,Gi) be a pants decomposition with a 
dual graph. Apply a right Dehn twist at an edge of G\ whose eigenvalue and twist 
parameter are (e,-,tj). Then the new parameters are given by 

(10.2) {e' tl t' l ) = {e ll e l 2 t i ). 

This follows from the definition of the twist parameter, but we prove as a corol- 
lary of Proposition 110.71 

The type (III) move consists of three 'half twists' of the dual graph (Figure [l"3"|) . 



Proposition 10.7 (A part of Type (III) move). Let ei, . . . , es and t\ be the eigen- 
value and twist parameters as in the left of Figure l~TM After doing a half twist, the 
new parameters (e[ , t[ ) are given by 



(10.3) 



(A A) = (eir 



ei(eieg - e 2 ) 
eie 2 - e 3 



h). 
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Figure 12. (I) Reverse orientation. 




Figure 13. (Ill) Vertex move. 



The transformation formula for a type (III) move is obtained by applying (|10.3[) 
to three edges adjacent to the vertex. 

Proof of Provositions [W6\ and\W7\ By ([03]) and (|6T2)l . we have 

eie 2 - eg / e 4 (l - ef) A eie 2 - e 3 , 

*i = 7 r -1 H F2 : x 4 : Xi : x 5 M = . 

ei(eie3-e 2 ) \ e 4 - eies / e\\e\e-& - e%) 

This shows that (|10.3[) holds. Applying (| 10 . 3[) twice, we obtain a proof of (|10.2I) : 

2j 



A = . _ ei ( eie2 - e3 )\ pi(eie 3 -e 2 ) . ^ = 
eie 3 - e 2 / V e i e 2 - e 3 



□ 



The trace function of the new pants curve in type (V) move has already been 
given by (|8.3j) for a four-holed sphere case and (|8.8j) for a one-holed torus case. Thus 



the new eigenvalue parameter is one of u ~ wnere tr is the trace function 
of the new pants curve. Differently from type (I)-(IV) moves, there is no natural 
choice of the eigenvalue parameter for the new pants curve in type (V) move. But 
if we fix one of them, the twist parameter is uniquely determined. Sometimes we 
fix the new eigenvalue parameter by tr ~ %/ * r2 ~ — where we take the branch of the 
square root satisfying < arg(Vtr 2 —4) < 7r for convenience. 
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Proposition 10.8 (Type (V) move for four-holed sphere). Define eigenvalue pa- 
rameters ei, . . . , ei3 and ti,...,ts as in the left of Figure ] 14\ Let e\ be the eigenvalue 
parameter corresponding to the new pants curve and t'i , . . . , t' 5 the twist parameters 
as in the right of Figure \14\ Then e' x is one of the solutions of 

(10.4) x 2 -tr(p( 73 74))a; + l = 

where tr(p(7 3 7 4 )) is given by i8.3\) . The twist parameters t\, . . . ,t' 5 are given by 
1 eie 5 e 2 eie 3 e 4 



(10.5a) 



t', = — 

1 e[ + e'^ 1 (e 5 e 2 - e' 1 )(e' 1 e 2 - e 5 ) (e 3 e 4 - e' 1 )(e' 1 e 3 - e 4 ) 
((e'l - ei _1 )(ei tr(p( 7 3 75 ) - ei" 1 tr(p(7 274 )) 
- (ei + ei _1 )((e 2 + e^)(e 3 + e^ 1 ) + (e 4 + e^)(e 5 + e^ 1 )) 
+ 2((e 3 + e 3 - 1 )(e 5 + e^ 1 ) + (e 2 + ej 1 )(e 4 + ej 1 ))^ 

or 

(10.5b) 

t , _ (e 4 ej - e 3 )(e 3 e 5 (-(eie3 - e 2 )h + ei(eie 2 - e 3 ))ej + ei(eie 3 - e 2 )h - (eie 2 - e 3 )) 
1 (e 3 ei - e4)((ei(eie 3 - e 2 )*i - (eie 2 - e 3 ))ei + e 3 e 5 (-(eie 3 - e 2 )ti + ei(eie 2 - e 3 )) 



and 



(10.6) 


t'2 


(10.7) 


t' 3 


(10.8) 




(10.9) 


4 



(eie 2 - e 3 )(eie 3 - e 2 )(h + 1) 



e 2 e! - e 5 



(e 2 e 3 - ei)(eie 3 - e 2 )ti + (1 - eie 2 e 3 )(eie 2 - e 3 ) 



e 2 e 5 



(e 2 e 3 - ei)((eie 3 - e 2 )(eie 4 - e 5 )ii + (eie 2 - e 3 )(eie 5 - e 4 )) 



(eie 3 - 
(eie 3 



e 2 )((e 2 e 3 
- e 2 )(eie 4 - 



ei)(eie 4 - e 5 )ii + (1 - eie 2 e 3 )(eie 5 - e 4 )) 



65)^1 + (eie 2 - e 3 )(eie 5 - e 4 ) e 3 ei 



(eie 3 - e 2 )(e 4 e 5 - ei)*i + (e x e 2 - e 3 )(l 
(eie 5 - e 4 )(eie 4 e5 - l)(ti + 1) 



eie 4 e 5 ) 1 - 
t 5 - 



e 3 e 4 e 1 



(ei - e 4 e 5 )(eie 4 - es)*i + (eie 4 e 5 - l)(eie 5 - e 4 ) 



where tr(/?( 73 75)) and tr(p(7 2 7 4 )) are given in h8. 5\) and \8.J$ respectively. Any 
other parameters does not change under the move. 

Proof. We use the notation of ^8.11 In particular, 71, ... ,75 are as in Figure [3] 
and X\ = 00, x 2 = l,x 3 = 0, X4,x 5 € CP 1 . We let x 6 , . . . ,x 13 be the fixed point 
parameters corresponding to the edges with the eigenvalue parameters eg, ... , ei 3 
respectively. In the following computations, we used the computer algebra system 
Maxima. 

The first statement is trivial. (|10.5a|) follows from (|8.6|) by replacing the variables. 
To compute the twist parameters, we use the formulae (|6.10[) ~ (|6.13j) . To apply 
the formulae, we need to know the fixed points of the matrix /o(7 3 7 4 ). We let 
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^(7374) = f " ■ From (PTTj) and (|^2"j) . we have 
(10.10) 

ei(eie 3 - e 2 )(e 4 e 5 (eie4 - e 5 ) + (eie 5 - e 4 ))*i 



(eie 2 - e 3 )(eie4e 5 (eie 5 - e 4 ) - (eie 5 - e 4 ))J / ^(e 4 2 - l)e 3 (eie 3 - e 2 )e 4 e 5 £i 
( ei((eie 3 - e 2 ){e 1 e 4 - e 5 )h + (eie 2 - e 3 )(eie 5 - e 4 ))((eie 3 - e 2 )(e 4 e 5 - ei)i 4 
(1 - eie 4 e 5 )(eie 2 - e 3 )) I / ( e 2 e 3 e 4 e 5 (ei 2 - l) 2 (eie 3 - e 2 )ti 



Let x'j (resp. y^) be the fixed point of p(7 3 7 4 ) corresponding to e' x (rcsp. e[ ). 
By (|2~Ij) , we have 

k (el-e'r 1 )^! ^-e'^+e'r 1 



a = e 'i x 'i - e i 1 v'i 



x[ - £' x - £' x - y^ £' x - yj 



So we have 
(10.11) 



ei^-j/O-CeWi-e'rV) 



From (|10.10p and (|10.11|) . we can compute x[. Applying the formulae (|6.2[) - (|6.3[) . 
we can also compute the fixed point parameters xq, . . . , £i 3 . Apply f|6 . 1 2[) to com- 
pute t\, t' 3 , i 4 and t' 5 , we have 



(10.12) 


I 1 ' 1 - 
L i — 


-1 


(10.13) 


I'' 1 - 

L 3 — 


-1 


(10.14) 


z 4 — 


-1 


(10.15) 


t'' 1 ~ 
z 5 ~ 


-1 



S3 - 


e x e 4 


e 8 (l- 


-^) { 


es - 


e3eg 


eio(l 


-e 4 2 ) 


eio - 


■ e 4 en 


ei 2 (l 


-e 5 2 ) 



[x[ : x w : £ 4 : i u ] 
[x 2 : Xi2 : £5 : £13] 



ei2 - e 5 ei 3 

Substitute £ 2 ,...,£i3 and £'j into fj!0.12[) - (|10.15|) . we obtain (|10.5bj) and (fT0~7| - 
(|10.9|1 . We apply ()6 . 1 3|) to compute t' 2 , then we have 

/ lnifi ; e 2 e 5 -ei / e 6 (l - e 2 2 ) 
(10.16) i 2 = I — 1 H £5 : x 6 : x 2 : x 7 \ 

e 2 (e 2 e 4 - e$) \ e 6 - e 2 e 7 

Substitute £ 2 , xq, £ 2 , £7 into (|10.16[) . we obtain (|10.6I) . □ 



Proposition 10.9 (Type (V) move for one-holed trous). Define eigenvalue pa- 
rameters ei,...,e 4 andt\ 1 t 2 as in the left of Fiaure \15\ Let e 4 be the eigenvalue 
parameter corresponding to the new pants curve and t[ , t' 2 the twist parameters as 
in the right of Figure \15\ Then e' x is one of the solutions of 



(10.17) 



£ 2 - tr(p(/3i))£ + 1 = 
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Figure 14. 



where tr(p(/3 1 )) is given by \8.8\) . The twist parameters t! x and t' 2 are given by 



(10.18) 

(10.19) 

where 



A = — 

1 ( a i 



-e 2 



{(e 1 +e 1 - 1 )-e[tiip(a 1 - 1 M)) 2 , 



t'o = 



e 2 (e 2 - ei 2 )(V-e 2 tie / 1 -Mi) 
(1 - ei 2 e 2 )V- e 2^iei + (e 2 - ei 2 )e 2 ii 



tr^ar 1 /?!)) 



e 2 )ii + ei 2 (l - ei 2 e 2 ) 



ei(ei 2 - l)\/- e 2*i 



Proof. We use the notation of £18.21 In particular, ai and /?i are as in Figure [6] and 
x.\ = oo,x 2 = 0,.t.3 = l,a;4,.T,5 6 CP 1 . In the following computations, we also used 
Maxima. 

The first statement is trivial. (|10.18[) follows from (|8.10[) by replacing the vari- 
ables. To compute the twist parameters, we use the formulae f|6. 10p — (|6. 13[) in a 
cover of the one-holed torus as in Figure [16] We let x§ xr be the fixed point 
parameters corresponding to the edges with the eigenvalue parameters e^ and e 4 
respectively. Applying the formulae (|6.2j) ~ (|6.3j) . we can compute the fixed point 
parameters xq and xj. To apply (|6.10j) - (|6.13j) . we need to know the fixed points of 
the matrix p(f3i)~ 1 . Let x\ be the fixed point of p(/3i) _1 corresponding to e[. We 

let p(/?i) _1 = ( a \\. Similarly as (|10.1ip . wc can compute x[ from (|8 . T|) : 



a — e± 



e[e 2 - V~e 2 ti _ y/-e 2 t x _ ^ 



e[e 2 



e,e 2 



V-e 2 iie' 1 



Applying (|6.13|) to compute t' 2 , we have 

-l 



(10.20) 



ft 



e 2 ei — ei 



-1 



e 3 (l-e 2 2 ) r , 



e 2 (e 2 ei 1 - ei)) \ e 3 - e 2 e 4 

Substitute x[, x 2 = 0, x 6 and xj into (|10.20j) . we obtain f|10.19[) 



x 1 : xe ■ x 2 : xy 



□ 
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Figure 16. 



11. Developing map 

In this section, we recall the notion of a developing map. Then we reinterpret 
the eigenvalue and twist parameters in terms of the developing map. In flll.H we 
define ideal triangulations of surfaces in a way which is suitable for our purpose, 
and define the developing map. Then we study developing map of a pair of pants 
in §11.21 These are completely determined by the complex parameters associated 
to the edges of the ideal triangulation. In 311.31 we will discuss how two developing 
maps of a pair of pants are glued along a boundary curve depending on the twist 
parameter. 

11.1. Ideal triangulation and developing map. Let S = S g .b be an oriented 
surface of genus g with 6 boundary components. We assume that 2g — 2 + b > 0, 
then S admits a hyperbolic metric with geodesic boundaries. We fix a hyperbolic 
metric on S. An ideal triangle is a triangle isometric to the convex hull in H 2 
of three distinct points on the ideal boundary (in other words, geodesic triangle 
with vertices at infinity). In this paper we say that a union of ideal triangles 
Ai U • • • U A n on S is an ideal triangulation if the interiors of Aj's are disjoint. For 
example, the complement of a maximal geodesic lamination on S, after completion 
of each component by path metric, is an ideal triangulation. Because the volume 
of S 9j b is equal to 2i:{2g — 2 + 6) and the volume of an ideal triangle is 7r, there 
are at most 2{2g — 2 + 6) ideal triangles. In this paper, we mainly concern ideal 
triangulations obtained by spinning vertices around simple closed geodesies, e.g. 
Figure [TBI indicates an ideal triangulation of a pair of pants. 

By the hyperbolic metric on S, we can regard the universal covering S of S as a 
subset of the hyperbolic plane H 2 . Let p : S — >• S be the covering map. Each lift of 
Aj is an ideal triangle in H 2 , which is uniquely characterized by three points of dM 2 . 
Fix a lift Ai of Aj in H 2 . Then other lifts are obtained by deck transformations 
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Figure 17. 

of Aj. For a representation p : tvi(S) — > PSL(2,C), we say that D : S — > H is a 
developing map of p if it satisfies 

• D(7Aj) = p(7)Z?(A l ) for any 7 G ni(S), and 

• -D|^. : A, — > D(Ai) is an isometry into H 3 for any i. 

Especially boundary geodesies of Aj are mapped by D to geodesies in H 3 . We do 
not assume that D is continuous away from the lifts of Ai U • • • U A„. A typical 
discontinuous points appear at simple closed geodesies spiralled by other geodesies 
(e.g. boundary curves of Figure [18]) . In fact D need not to be defined away from 
the lifts of Ai U • • • U A„ in our arguments. Since a matrix which sends D(A) to 
.0(7 A) is uniquely determined by Lemma |2.2[ p is determined by D. We say that 
p is the holonomy representation of D. 

Consider a common geodesic of two ideal triangles Ai and A2 in S. For a 
developing map D, we assign a complex parameter to such geodesic by using cross 
ratio. Let Ai and A2 be a pair of lifts adjacent in H 2 . Let {vq,vi,V2) be the 
ideal vertices of Ai and (v3,vi,vo) be the ideal vertices of A 2 . We assume that 
{vq,vi,V2) and (i>3,t>i|Vo) are m the clockwise order on <9H 2 , see Figure H71 Since 
D maps the ideal triangle spanned by (vo, vi, V2) isometrically into H 3 , D naturally 
maps Vi to a point Xi G CP 1 . In this situation, we simply denote Xi = D(vi) by 
abuse of notation. We also define X3 G CP 1 by x-j = D(vs). Now we define the 
complex parameter at the edge (vq,vi) by the cross ratio defined in £12.11 

[x :xi:x 2 : x 3 ] = — -— — G (C - {0, 1}). 

x 3 -X\X%- x 

This does not depends on the choice of the pair of lifts Ai and A2 since the cross 
ratio is invariant under the action of PSL(2,C). 

If any two ideal triangles A and A' in S are related by a sequence of ideal triangles 
A = Ai, A 2 , . . . , Aj. = A' in S such that Aj and A i+1 share a geodesic, we can 
reconstruct the developing map D from these complex parameters. (For example, if 
there exists at least one boundary component, we obtain such an ideal triangulation 
from a usual ideal triangulation of a surface of genus g with b punctures by spinning 
ideal vertices. In this case, the number of complex parameters is equal to 617— 6+36.) 
In fact, fix a lift A of an ideal triangle on S, and put an ideal triangle D(A) in 
H 3 arbitrarily. Then we can develop adjacent ideal triangles in H 3 according to 
the complex parameters of the common edges. Inductively we obtain a developing 
map D : S — >• H 3 . If we replace the first ideal triangle by D'(A), we also obtain a 
developing map D' : S -> H 3 . Since there exists A G PSL(2, C) such that D'(A) = 
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AD (A) by Lemma \2.2\ we conclude that D 1 = AD on each ideal triangle of S by 
construction. The holonomy representation of D' is obtained from the holonomy 
representation of D by conjugation by A. Therefore we obtain a map from the 
parameter space (C\ {0, 1})^ to -^psl(2,c)(<5'); where N is the number of the edges 
each of which belongs to two ideal triangles of the ideal triangulation. We call these 
coordinates the exponential shear-bend coordinates of the ideal triangulation (see 
|Bon96j ). By construction, this map is a rational map. If the complex parameters 
are in a subfield FcC, then we obtain a PGL(2, F)-representation. 

11.2. Developing map of a pair of pants. Let P be a pair of pants. We fix a 
hyperbolic metric with geodesic boundary on P. We put a tripod G on P whose 
endpoints of the legs are on different boundary components. We denote the bound- 
ary components of P by c\ , C2 , C3 so that they are in counterclockwise order viewing 
from the tripod. We give an orientation on each C4. Connect two boundary com- 
ponents by an arc along G and spiral the arc toward the direction of Ci , we obtain 
a geodesic spiralling the boundary components of P (Figure H8|l . These geodesies 
give an ideal triangulation of P by two ideal triangles. We will construct a devel- 
oping map of a representation p : ni(P) — > SL(2,C) satisfying the conditions of 
Proposition [3Jj and compute the complex parameters of the three geodesies of the 
ideal triangulation. 

Take a base point * on the trivalent vertex of G and let 71 , 72 , 73 be the elements 
of 7Ti(P, *) as indicated in Figure IT51 We regard the universal cover P of P as a 
subset of H 2 . We fix a lift of G to H 2 and denote it by G. Then there exists 
a unique lift c» of c» such that G touches Cj. We denote the terminal endpoint 
of Ci by Vi and the ideal triangle (i>i, i>2, V3) by Aq. We take an ideal triangle 
Ai = (vi, V3, J1V2), which shares the geodesic (vi,Vs) with A (see Figure [TBI). We 
denote the projection of Aj to P by Aj for i = 0, 1. Then Ao and Ai are two ideal 
triangles of the ideal triangulation of P. There exists a one-to-one correspondence 
between the lifts of Ao and tri(P, *) by deck transformations. 

We let e, (i = 1,2,3) be one of the eigenvalues of p(ji), and Xi (resp. yi) 
be the fixed point corresponding to e.; (e^ -1 ), in other words, Xi is the repelling 
fixed point (j/j is the attractive fixed point) if \ei\ > 1 (same as §3.ip . Since we 
assume that p satisfies the conditions of Proposition 13. 1[ distinct. We 

construct a developing map D : P — > H 3 as follows. Any lift of Ao (resp. Ai) 
has the form 7(^1, ^2,^3) (resp. 7(^1, V3, 71^2)) for some 7 £ 7Ti(P, *). Thus we 
define a developing map D : P —> H 3 by D( / y(v\,V2,Vs)) = p('j)(xi,X2,x 3 ) and 
D(7(«i, V3, J1V2)) = p(j)(xi, X3, p( r y±)X2)- By construction, this gives a developing 
map of p. Then the complex parameter of each edge has a simple form: 

Proposition 11.1. The complex parameter of the edge spiralling both Ci and Cj+i 
is equal to — 1+2 . 

Proof. Since the cross ratio is invariant under the action of Mobius transformation, 
we assume that (xi,X2,X3) = (0,oo, 1). By Proposition 13. 11 we have 




40 



YUICHI KABAYA 




Thus we have p(ji) • x 2 = p("Ji) ■ 00 = ^-ll^-ig ■ The complex parameter of the 
geodesic spiralling both c\ and c 3 is 

10(71) ■ 00 e 2 



[%3 ■ %i ■ p{li) ■ x 2 : x 2 ] = [I : : p(ji) ■ 00 : 00] 



p{ji) • 00 - 1 e 3 ei 



by definition. By a similar calculation or symmetry, we can show for other edges. 

□ 

Conversely we can construct a PSL(2, (C)-representation from these complex pa- 
rameters. Since 

e 2 e 3 1 
eie 3 e 1 e 2 ei 2 

we can recover the eigenvalue parameters ei,e2,e 3 up to sign. For each a, there 
exists two choices of signs, but they depend on each other so that e e ^ +2 i is invariant. 



This means that they are well-defined up to the action of Z/2Z) (see £13. 2j) . 

Therefore we can determine a unique PSL(2, (C)-representation up to conjugation 
from { }»=i,2,3- (But there is no canonical choice of a lift to an SL(2, C)- 
representation.) 

11.3. Gluing developing maps of a pair of pants. In this subsection, we will 
describe how two developing maps of a pair of pants are glued along their common 
boundary curve. 

We let S be a four-holed sphere and decompose it into two pairs of pants P and 
P' . We denote the common interior pants curve by c\ and boundary pants curves by 
c 2 , . . . , C5 as in Figure [19] Take a dual graph G of the pants decomposition and give 
an orientation on c, to the right from the dual edge. We define 71, . . . , 75 € tti(S) 
as in Figured] We fix a lift G to H 2 , then there exists a unique lift cij of Cj such 
that G touches Cj. We denote the terminal endpoint of ci by v\. The projections 
of the ideal triangles {v\,v 2 , vs) and (t>i, «3, 71^2) form an ideal triangulation of P 
and the projections of (i>i, U4, 1*5) and (ui, 71W4, U5) form an ideal triangulation of 
P' (sec Figure] 
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Figure 19. 



Let p (resp. p') be a PSL(2, C)-representation of K\{P) (resp. tti(P')) satisfying 
the conditions of Proposition 13.11 Wc will glue the developing maps of p and p' 
along c\. To glue them, we assume that p("fi) and p'(ji) are conjugate. First we 
construct developing maps of p and p 1 as in 311.21 Wc let (i = 1,2,3) be one of the 
eigenvalues of p(p/i), and Xi (resp. j/j) be the fixed point corresponding to ei (resp. 
e,;" 1 ). By sending (vi,v 2 ,v 3 ) and (t>i, t>3, 7i« 2 ) to (xi,x 2 ,x 3 ) and (xi,x 3 , ,o(7i)x 2 ), 
and developing them by the action of p(iri(P)), we obtain a developing map D : 
P — > H 3 of p. For p', we let e% (i = 1, 4, 5) be one of the eigenvalues of p'{"fi), and x- 
(resp. y'j) be the fixed point corresponding to (e^ -1 ). To glue the representation 
p' to p along the curve c\, we conjugate p' to satisfy (x' 1 ,y[) = (xi,yi). There 
are many ways to conjugate p' to be (x'^yi) = (xi,y±), but we fix one of them. 
We denote the fixed points after the conjugation corresponding to x 4 and x' 5 by 
X4 and X5 respectively. By sending (vi, 114, i^) and (fi, V4,7i«5) to (xi, x±, x§) and 
(xi, X4, p(-fi)xc,) and developing them, D extends to a map D : P P' — > H 3 . 
Consider two p((7i))-invariant families of ideal triangles 

{p(7i) l (xi,x 2 ,p(7i)x 2 )} i = {(xi,p(7i) J x 2 ,p(7i) l+1 x 2 )} i , 
{p(7i) l (xi,x 5 ,p(7i)x 5 )} i = {(xi,p(7i) J x 5 ,p(7i) l+1 x 5 )} l 

as indicated in Figure [5DJ These two families of ideal triangles are related by 
a matrix M {y/—ti; x\, y\) for some t\ G C* in p( (71 ))-cqui variant way. Since 
M(y/—ti; xi, yi) sends x 2 to X5, t\ is the twist parameter defined in Section[6l 

Since there exist infinite number of lifts of c\ , we have to carry out this process 
to all other lifts. After that, wc obtain a developing map for S = P U P' . 

Remark 11.2. Bonahon gave a parametrization of PSL(2, C) representations of the 
fundamental group of a surface by using the shear-bend cocycle of a maximal geo- 
desic lamination A in Section 10 of |Bon96j . Roughly speaking, our parametrization 
is a special case of the shear-bend cocycle for the maximal geodesic lamination ob- 
tained from a pants decomposition by adjoining geodesies spiralling to the pants 
curves. 

12. PSL(2,M)-REPRESENTATIONS 

In this section, we restrict our attention to PSL(2, M)-rcprcscntations, in par- 
ticular, Fuchsian representations. Then we give a geometric interpretation of our 
twist parameters and compare with the usual Fenchel-Niclscn twist parameters. 

12.1. PSL(2,R) and PGL(2,M). Let PGL(2,R) = GL(2; M)/M* where R* acts on 
GL(2;R) by scalar multiplication. The action of PGL(2,M) on CP 1 (resp. H 3 ) 
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preserves EP 1 (resp. H 2 = {(x,y,t) i; = 0,t>0}ci 3 ). PGL(2,E) consists of 
two connected components: 

PGL(2, E) = PSL(2, E) U PSL(2, E) • 

One component consists of orientation preserving isometries of H 2 and the other 
component consists of orientation reversing isometries. 

Let S = S 9i b be a surface. We fix a pants decomposition G and a dual graph G. 
We restrict our parametrization to 

(12.1) {(ei,ti) I e-hU S E*, (ei,...,e 3ff _3+2&) £ E{S,C)}. 

In the explicit construction of representations in Section [3 if we place the first 
triple of the fixed points on EP 1 , we obtain representations whose entries are in 
real numbers. Thus we obtain PGL(2, E)-representations from the parameter space. 

To reduce the PGL(2, E)-representation to a PSL(2, E)-reprcscntation, it is con- 
venient to use the dual graph G. Let p be a PGL(2, E)-rcprcsentation obtained 
from the parameter space (|12.1|) . Take a maximal tree T in G, we fix a system of 
generators {ot\, . . . a g , . . . , (3 g .5i, . . . 7 5b} of n\(S) as in ij4.21 By the construction 
of SJ3 we see that p(oti) and p(Si) are in PSL(2,E). So we only have to check that 
p{Pi) £ PSL(2,E) or not. Recall that p{f3i) is the matrix which sends a triple of 
points on EP 1 to another triple of points on EP 1 . Thus p((3i) preserves the order 
of the triples on EP 1 if and only if p(/3i) £ PSL(2,E). By assigning +1 or -1 
depending on whether p(Pi) preserves the order of the triples or not, we obtain a 
homomorphism wi(G) -> Z/2Z. Since Hom(7Ti(G), Z/2Z) = P 1 (G;Z/2Z), we can 
obtain an obstruction in H 1 (G; Z/2Z), which vanishes if and only if p reduces to a 
PSL(2, E)-representation. 

There exist more PSL(2, E)-representations other than coming from the param- 
eter space (|12.1j) . In fact, the matrix corresponding to a pants curve is elliptic, then 
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the eigenvalue parameter a is not a real number but satisfies \ei\ = 1. It is known 
that: 

Theorem 12.1 (Theorem 4.3 of |Gol 88 ). Let e\, e 2 , e 3 be the eigenvalue param- 
eters of a pair of pants. Assume that is real or | | = 1. The representation 
corresponding to (ei, 62,63) is conjugate to a SL(2,M.)-representation if and only if 
either one of |ej + ej | is > 2 or k > 2 where 

K= (ei+er 1 ) 2 + (e 2 + e2" 1 ) 2 + (e 3 + e 3 - 1 ) 2 -(e 1 + er 1 )(e 2 + e 2 " 1 )(e3 + e3" 1 )-2. 
Otherwise the representation is conjugate to a SU (2) -representation. 

12.2. Teichmiiller space. The set of all marked hyperbolic structures on S is 
called the Teichiiller space. (If S has boundary, we consider hyperbolic structures 
with geodesic boundary.) Each marked hyperbolic structure gives rise to a discrete 
faithful representation of tti(S) into PSL(2,R). So there exists a subset in our 
parametrization corresponding to the Teichmiiller space. We will show that the 
Teichmiiller space is parametrized by the following subset of E(S, C) x C 3s ~ 3+6 : 

(12.2) {(ei, . . . , egg-3+26, h,..., t 3g - 3+ b) G R 6 »- 6+3b | e 4 < -1, t t > 0}. 

Actually we can construct an explicit developing map corresponding to each point 
of this subset. There are other subsets producing Fuchsian representations but they 
are obtained from (|iT2j) by the action of (Z/2Z) 3 f~ 2+2 '' and Ht(G, dG; Z/2Z). 

First, we will show that the restriction of the PSL(2, R)-representation obtained 
from (|12.2[) to each pair of pants is discrete and faithful: 

Lemma 12.2. Let P be a pair of pants and e\, e 2 and e 3 are eigenvalue param- 
eters on the boundary curve. Assume e{ £ R \ {0,±1}. // e\e2e-$ < 0, then the 
representation is discrete and faithful. 

Proof. By the action of (Z/2Z) 3 (see d33])) and H X (P; Z/2Z) (see (GUJ)), we assume 
that ei,e2 < —1 and 1 63 1 > 1. Since eie 2 e3 < 0, we have ei,e2,e3 < —1. Let Xi 
(resp. yi) be the fixed point corresponding to (resp. e^ _1 ) as in Proposition 13. II 
Assume x\ = 00, y\ = and X2 = 1. We will show that 

(12.3) < x 2 = 1< y 2 < x 3 < y 3 < e^, 

see Figure 1211 Then we can take a fundamental domain bounded by four geodesies 
(oo,0), (1,2/2), (x 3 ,ys), (ei 2 ,ei 2 z/i) 

and other four geodesies perpendicular to them as indicated in Figure 1211 
Considering the complex parameter at the geodesic (0:3,00), we have 

= [x 3 : 00 : ei : 1 = — 5 , 

e 3 ei ei* - x 3 

and 

-ei(eie 2 - e 3 ) 

x 3 = . 

eie 3 - e 2 

By ()3.2j) . we have 

-e 2 2 e 3 a;3 + 63(2:3 - 1) + e 2 e x _ (eie 2 - e 3 )(l - eie 2 e 3 ) 



2/2 



-e 2 2 e 3 + e 2 ei (e 2 e 3 - e\){e\e 3 - e 2 ) 

e3 2 ei(x3 - 1) + ei - e 3 e 2 a:3 _ -ei(l - eie 2 e 3 ) 
ei - e 3 e 2 e 2 e 3 - e\ 
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Xx 



Vi = | V2 x 3 y 3 ei 2 e 1 2 y 2 

X2 = 1 

Figure 21. A fundamental domain for a pair of pants. 



From these, we have 

1 -e 3 ( ei 2 -l)(e 2 2 -l) (e 1 e 2 -e 3 )(e 1 2 -l) v 

2/2 - 1 = t 77 r > 0, x 3 - y 2 = -, r- r > 0, 

(e 2 e 3 - ei)(eie 3 - e 2 ) (e 2 e 3 - ei)(eie 3 - e 2 ) 

eie 2 ( ei 2 -l)( e3 2 -l) 2 -ei(e 2 2 -l) 

2/3 - a^3 = t 77 r > 0, e\ - y 3 = > 0. 

(e 2 e 3 - ei)(eie 3 - e 2 ) e 2 e 3 - ei 

Thus (|T01> holds. 

□ 

So if e; < —1 for all i, the restriction of the representation to any pair of pants 
is discrete and faithful. If further ti > for all i, the PSL(2, R)-representation we 
obtained is discrete faithful by the Maskit combination theorem. 

In Propositions 110.81 and 110. 9[ if wc take tr - v * r2 ~ 4 < -1 as the new eigenvalue 



2 

parameter, type (V) moves preserve the parameter space (|12.2I) . 

12.3. Geometric interpretation of twist parameters. When we restrict the 
parameter space to (|12.2[) , the twist parameters are described in terms of hyperbolic 
geometry. 

We consider a pants decomposition and a dual graph of a four-holed sphere 
50.4 as in Figure |31 We let e±, . . . , be the eigenvalue parameters and the twist 
parameter t\. Let p be a representation obtained from the parameter space (|12.2I) . 
We define the elements 71, . . . , 75 G 7ri(i5o,4) a s in Figure [3] and denote the fixed 
point of p(7i) corresponding to ei (resp. e^ -1 ) by Xi (rep. yi). If we assume that 
XiS are in MP 1 (hence also yi £ MP 1 ) and x% = 00 and yi = 0, then p(7i) = 

± ( 1 \\. Consider the nearest point projections of x 2 and x§ to the 





geodesic (xi,yi), the hyperbolic (signed) distance between them is log(ii) (see 
Figurc [2^|) . Thus if we denote the geodesic representative of the interior pants curve 
by c\ and the boundary pants curve corresponding to e, by c,, our twist parameter 
is the exponential of the hyperbolic distance between the geodesic perpendicular to 
Ci and spiralling to c 2 and the geodesic perpendicular to c\ and spiralling to C5. 

By taking a covering, we also have a geometric interpretation of the twist pa- 
rameters of a one-holed torus. 
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Figure 22. Two pairs of pants are glued with the twist of the 
hyperbolic length log(tj). 



Figure 23. 



12.4. Fenchel-Nielsen twist parameters. We compare our twist parameters 
with the Fenchel-Nielsen twist parameters. 

There exists various normalization of Fenchel-Nielsen twist parameters, we use 
the following. We consider a four-holed sphere and use the notations of £ )12.3I The 
Fenchel-Nielsen twist parameter is dchned by the hyperbolic (signed) distance be- 
tween the geodesic perpendicular to both c\ and ci and the geodesic perpendicular 
to both c\ and C5 (see Figure [22]). We denote the signed distance by n and let 
if N = exp(ri). Then we have the following: 



Proposition 12.3. 

Figure^ Let e±, . . . 
Then we have 



Consider the pants decomposition and the dual graph given in 
e,5 be the eigenvalue parameters and t\ be the twist parameter. 



(12 4) t FN = / ( eie3 ~ e2 )( e2e3 ~ ei )( eie4 ~ e5 )( e4es ^ ei ) tl 
1 V ( e i e 2 _ e 3)(! - eie 2 e 3 )(eie 5 - e 4 )(l - eie 4 e 5 ) ' 



Proof. We take 71, . . . , 75 as in Figure[3] Let Xi (resp. yi) be the eigenvalue of p{"fi) 
corresponding to (resp. eC 1 ). We assume that x\ = 00, y\ = and X2 = 1. Let 
TO2 be the point on the geodesic (xi,yi) nearest to (#2,2/2) and m.5 be the point on 
the geodesic (xi,yi) nearest to (25,2/5) (see Figure |24|). Since 777.2 (resp. m 5 ) is the 
midpoint between the nearest point projections of X2 and 2/2 to (x\,yi) (resp. 25 
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Figure 24. 



and 2/5 to (xi,yi)), we have 



m 2 1 ' m 5 -y 5 ' 



Thus we have 
(12.5) 



7712 



2/2 



So we have to compute y 2 and ?/5 . By the calculations of Lemma 112.21 we have 
ei(eie 2 -e 3 ) (eie 2 - e 3 )(l - eie 2 e 3 ) 

e 2 -eie 3 (e 2 e 3 - ei)(eie 3 - e 2 J 

By ([O]) and ([O]) . we have 

ei(-(eie 3 - e 2 )(eie 4 - e 5 )h + e 3 (eie 5 - e 4 ))(l - £3) - e 2 e 2 (eie 5 - e 4 ) + e 2 (eie 5 - e 4 )x 3 



■'"4 



-e 2 e 2 (eie 5 - e 4 ) + e 2 (eie 5 - e 4 ) 



ei(eie 4 - e 5 ) 
eie 5 - e 4 



(-(e 2 - eie 3 )rj! + eie 3 )(l - £ 3 ) - e 2 e 2 + e 2 a;3 

x 5 = g — ; = _t i- 

— e|e 2 + e 2 

By ([3^2)1 . we have 

e 5 2 ei _1 (a; 5 - £4) + ex _1 £4 ~ e 5 e 4 x 5 (eie 4 - e 5 )(e 4 e 5 - ex) 



2/5 



ex" 



e 5 e 4 



(exe 5 - e 4 )(l - exe 4 e 5 ) 



ti 



Substitute y 2 , £5 and 7/5 into (|12.5[) . we have 



an 2 



X5V5 



2 (eie 3 - e 2 )(e 2 e 3 - ei)(exe 4 - e 5 )(e 4 e 5 - ei) 2 
1 = 7 777 77 777 7^i ■ 



j/2 (exe 2 - e 3 )(l - exe2e 3 )(eie5 - e 4 )(l - eie 4 e 5 ) 

Since e,; < —1 for i = 1, . . . , 5, we have e^- — > and 1 — e^e/j > for any 
i, j, k = 1, . . . , 5. This completes the proof. 



□ 



Remark 12.4. By (|12.4j) . we can define tf on a simply connected domain in 
Xpsl{S,C) containing the parameter space (|12.2|) . e.g. the subset consisting of 
quasi-Fuchsian representations. We can observe that the action of (Z/2Z) 3s ~ 3+3b 
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on tf N is trivial. We can also observe that if N is invariant under type (I) move of 
thus if N is defined for an unoriented dual graph. 

Applying (|12.4[) to the one-holed torus case of £|8.2[ we have 

/ (eiei" 1 - e 2 )(e 2 ei- 1 - e 1 )(e 1 e 1 - e 2 ){e 1 e 2 - ei) - e 2 



y (eie 2 — ei _1 )(l — eie 2 ei _1 )(eie 2 — ei)(l — eieie 2 ) 1 — ei 2 e 2 
Thus we have: 

Proposition 12.5. Consider the pants decomposition and the dual graph of a one- 
holed torus given in $8.2\ and let ei,e 2 be the eigenvalue parameters and ii be the 
twist parameter. Then we have 

(12.6) tr = ^—^h. 

1 - ei z e 2 

We end this subsection computing some trace function using tf N . First we 
consider the four-holed sphere case studied in H8. II Rewrite (|8.3|) by tf N , we have 

, , / u 1 / (e 2 e 3 - ei)(eie 3 - e 2 ) (e 4 e 5 - ei)(eie 4 - e 5 ) 

tr p(7374 ) = 7 tttt h 

(e x - e x x ) 2 \ eie 2 e 3 eie 4 e 5 

(eie 2 - e 3 )(l - eie 2 e 3 ) (eie 5 - e 4 )(l - eie 4 e 5 ) 1 



eie 2 e 3 eie 4 e 5 ii 

+ (ei + er 1 )((e 3 + e3 _1 )(e B + eg" 1 ) + (e 2 + e 2 " 1 )(e 4 + e 4 ^ 1 )) 

- 2((e a + e 2 " 1 )(e 5 + es" 1 ) + (e 3 + e 3 ~ 1 )(e 4 + e^ 1 ))^ 

[ 5 — \J ( e i e 3 - e 2 )(eie 2 - e 3 )(e 2 e 3 - ei)(l - eie 2 e 3 )- 

\ ei^e 2 e 3 e 4 e 5 



(ei-e!- 1 ) 2 



\/ (eie 4 - e 5 )(eie 5 - e 4 )(e 4 e 5 - ei)(l - eie 4 e 5 ) • (if W + (if N ) 1 ) 
+ (ei + er 1 )((e 3 + e 3 _1 )(e 5 + eg" 1 ) + (e 2 + e 2 _1 )(e 4 + e^ 1 )) 

- 2((e a + e 2 -1 )(e B + es" 1 ) + (e 3 + e3 _1 )(e 4 + e 4 " 1 ))^) . 



Now we have 
1 



eie 2 e 3 



\J (eie 3 - e 2 )(eie 2 - e 3 )(e 2 e 3 - ei)(l - eie 2 e 3 ) 



= V(ei + ei" 1 ) 2 + (e 2 + e^ 1 ) 2 + (e 3 + e^r 1 ) 2 - (ei + ei" 1 )^ + e 2 - 1 )(e 3 + e^r 1 ) - 4. 
Let Xj = + e,j _1 and be one of the eigenvalues of /c(7 3 7 4 ), then we have 

e'i + =- (-v / Xi 2 +X2 2 + X3 2 ~XiX2X3-4 



(e 

• Vxi 2 + X4 2 + X5 2 -XiX4X5-4- (if w + (if*)- 1 ) 

+ Xl(X3X5 + X2X4) - 2(% 2 X5 + X3X4)) 



(We remark that the insides of the square roots coincide with k of Theorem 112.11 
and are shown to be positive.) Let k be the length and n the Fenchel-Nielsen twist 
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parameter of the pants curve Ci. Since U = 2 log(— e,) and r» = \og(t[ N ), we have 
e { + er 1 = -2cosh(Z,/2), ei - e^ 1 = -2 sinh(7i/2), 
tf JV + (tf Ar )- 1 =2cosh(r 1 ). 
Using these relations, we obtain Okai's formula |Oka93j : 

cosh^ 12) = ^ x 

V 11 ' sinh 2 (Zi/2) 

(cosh 2 (^-) +cosh 2 (|) +cosh 2 (|) + 2cosh(|)cosh(|)cosh(|) - lx 

(cosh 2 (^-) +cosh 2 (^) + cosh 2 (^-) + 2 cosh(^-) cosh(^) cosh(^-) — 1 x cosh(ri) 
cosh(Zi/2)(cosh(7 3 /2) cosh(Z 5 /2) + cosh(Z 2 /2) cosh(/ 4 /2)) 

■ (cosh(Z 2 /2) cosh(/ 5 /2) + cosh(/ 3 /2) cosh(Z 4 /2))) 



Next we consider the one-holed sphere case studied in £18.21 Rewrite (|8.8[) by 
tf , we have 

tr(p(/3x)) = 1 y /e^ + e 1 ^-(e 2 + e 2 ^Mtf N ) 1 / 2 + (t( N )- 1/2 )- 

ei-ei 1 

Let e'j be one of the eigenvalues of p(/3i) and U and Tj as before, we have 

(12.7) 2cosh(/' 1 /2) = C ° S i 1 ^ 1 ( 2 V 2cosh(/i) + 2 cosh(/ 2 /2). 

smh(/i/2) 

13. Representations of 3-manifold groups 

In this section, we construct PSL(2, (^-representations of the fundamental group 
of a 3-manifold using an ideal triangulation, developed in |Thu78j and NZ85]. In 
^ 141 we use this construction to transform our coordinates into exponential shear- 
bend coordinates. 

13.1. Ideal tetrahedra. An ideal tetrahedron is the convex hull of distinct 4 points 
of CP 1 in H 3 . We assume that every ideal tetrahedron has an ordering on the ver- 
tices. Let Zo, Z\, 22) z 3 be the vertices of an ideal tetrahedron. This ideal tetrahedron 
is parametrized by the cross ratio [zq : z\ : z 2 : z%]. As remarked in §2.11 the cross 
ratio is invariant under the action of PSL(2,C). We denote the edge of the ideal 
tetrahedron spanned by Zi and Zj by [ziZjj. Take (i,j, k, I) to be an even permuta- 
tion of (0, 1, 2, 3). We define the complex parameter of the edge by the cross ratio 
[zi : Zj : Zk : z{\. This parameter only depend on the choice of the edge [z%Zj]. Wc 
can easily observe that the opposite edge has the same complex parameter and the 
other edges are parametrized by j^- and 1 — i where z = [zi : Zj : zj. : zi] (see 
Figured. 

Let A be an element of PSL(2,C) having two fixed points {x,y). We denote 
the eigenvalue corresponding to i by e. (Thus e _1 is the eigenvalue correspond- 
ing to y.) Then A is given by (|2.ip . Let z be a point of CP 1 distinct from x 
and y. Consider the ideal tetrahedron spanned by (x, y, z, Az), the complex pa- 
rameter of the edge [xy] is equal to [x : y : z : Az] = e 2 (see Figure [55] and 
compare with Lemma 12. ip . In other words, for an ideal tetrahedron spanned by 
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21 = OO 




Z2 = 1 



Figure 25. The complex parameters of the edges of an ideal tetrahedron. 




FIGURE 26. If A is an element of PSL(2,C) whose fixed points 
are x and y, and e is the eigenvalue corresponding to x. Then 
the edge [xy] of the ideal tetrahedron (x,y, z, Az) has the complex 
parameter e 2 . 

zq, Zi, 22) 23, the element of PSL(2,C) which sends [zq,zi,Z2) to (zq, z\,z^) has 
eigenvalues (-^/[zo : z\ : z-i : Z3]) ±:L . So the cross ratio of an ideal tetrahedron can 
be interpreted as the square of an eigenvalue of some matrix related to the ideal 
tetrahedron. 

13.2. Ideal triangulation and representation of 3-manifold groups. In the 

following sections, a triangulation T is a cell complex obtained by gluing 3-dimensional 
tetrahedra along their 2-dimensional faces in pairs. We remark that this is not a 
simplicial complex since some vertices of a tetrahedron may be identified in T . We 
often distinguish between a 0- simplex of T and a vertex of a tetrahedron since 
various vertices of tetrahedra may be identified with one 0-simplcx in T. We also 
distinguish between a 1-simplex of T and an edge of a tetrahedron. We denote the 
fc-skeleton of T by T^. 

Definition 13.1. A (topological) ideal triangulation of a compact 3-manifold M 
is a triangulation T such that T — N(T^ ') is homeomorphic to M. 

Here N(T^) is a small open neighborhood of T". Because all 0-simpliccs 
are missing in M, we call them ideal vertices. In the usual definition of ideal 
triangulations, it is assumed that cW(T(°)) consists of tori, but here we do not 
assume this property. 
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W\W2 wi 




Figure 27. Developing map around a 1-simplex. Each Wk is one 
of Zi, -» — — or 1 — -. 

We denote the universal cover of M by M. From now on, we construct a de- 
veloping map i.e. an equivariant map M — > H 3 , which gives rise to a PSL(2,C)- 
representation of tti(M). We assign an ordering on the vertices of each tetrahedron 
of T, then assign a complex parameter for each tetrahedron. Pick a tetrahedron 
A of T, then put an ideal tetrahedron in H 3 according to the complex parameter 
of A. Then the tetrahedra adjacent to A can be realized in H 3 according to their 
complex parameters. Continuing in this way, we obtain a map from the universal 
cover of T — to H 3 . To obtain a map from the universal cover M, which is 
homeomorphic to the universal cover of T-JV(T(°)), we have to impose the gluing 
equation around each 1-simplex of T. Consider the edges of the tetrahedra which 
belong to a 1-simplex of T (Figure 127]) . When a path goes around the 1-simplex, we 
have to make sure that the developed image of the ideal tetrahedra in H 3 returns 
back to the beginning position. Since each edge has complex parameter Zi, or 
1 — i we have to impose the following equation 




for each 1-simplex (indexed by j) of T. These equations arc simplified to the 
following form: 

We call these equations gluing equations. Let 

■D(M,T) = {( Zl ,...,z n )e(C-{0,l}) n \±~[[zl U (l-2i) r "* = l (Vj)}, 

i=l 

where n is the number of the tetrahedra of the ideal triangulation T. When the 
triangulation T is clear from the context we simply denote 2?(M, T) by T>(M). For 
any point of T>(M), we obtain a map D : M — > H 3 . For any 7 £ tvi(M), there 
exists a unique element ^(7) e PSL(2, C) such that D(jp) = p(-f)D(p) for any 
p G M, where 7 acts on M as a deck transformation. Then p is a homomorphism 
from 7Ti(M) to PSL(2,C), which is called the holonomy representation of D. If 
we change the position of the first ideal tetrahedron A, we obtain a conjugate 
representation. So we have a map T>(M) — > Xpsl{M) by sending an element of 
V(M) to its holonomy representation. 
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Figure 28. Developing map around a 0-simplcx. 



Next we discuss the restriction of the holonomy representation to a boundary 
subgroup. Each boundary component of M is expressed as dN(p) by some 0- 
simplcx p of T. Therefore the restriction of the holonomy representation to the 
boundary subgroup dN(p) fixes a point of CP 1 , i.e. reducible. The results we have 
obtained so far are summarized as follows: 

Proposition 13.2. Let M be a compact 3-manifold and T be an ideal triangula- 
tion of M . For (z\, . . . ,z n ) £ T>(M,T), there exists a PSL(2,C) representation of 
7Ti(M) up to conjugation. This gives an algebraic map T>(M,T) — > Xpsl(M)- The 
restriction of the representation to any boundary subgroup is reducible. 

We further study the restriction of the representation of Proposition 113.21 to a 
boundary subgroup. Let p be a 0-simplex of T. Here dN(p) is triangulated by 
the truncated vertices (Figure [28]) . By conjugation, we assume that p is developed 
to oo. Then the truncated vertices are developed into the Euclidean plane as 
triangles. By the observation in the previous subsection, each triangle can be 
interpreted as a matrix fixing oo and whose eigenvalues arc given by the complex 
parameter of the ideal tetrahedron. Therefore the monodromy along a curve on the 
boundary component can be described by these complex parameters. For example 
the monodromy of the path indicated in Figure [28] is given by 

\ 1/y/wiJ V V^J V l/y/m) \ ^l) 




where each Wk is one of Zi, 1 _ or 1 — — . Therefore the eigenvalue of this matrix 
corresponding to the fixed point oo is . In this way, the square of one of the 

eigenvalues of the monodromy along a boundary curve has the form 

i 

by some integers m! i and to". 

The construction of this subsection can work even when T has a free face i.e. 
some tetrahedra have a face with no pair. This type of ideal triangulation was used 
in |Kab07] and will be used in gH 
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Figure 29. Ideal triangulation T±. 

14. Transformation to exponential shear-bend coordinates 

In this section, we describe a transformation of our coordinates into exponential 
shear-bend coordinates. We will give such a transformation for one-holed torus, 
instead of describing general cases. 

14.1. Representations using exponential shear-bend coordinates. Consider 
an ideal triangulation T\ of the one-holed torus as in Figure [521 We assign complex 
parameters a, b, c e C \ {0, 1} to the edges of the ideal triangulation as in Figure l2"9l 
We construct a developing map according to these complex parameters as described 
in §11.11 Fix an ideal triangle whose ideal vertices consisting of (0,1, oo). Then 
we can develop this ideal triangle according to the complex parameters a, b and c. 
A part of the developed image is shown in the right of Figure [29] We denote the 
holonomy representation of the developing map by p. Take generators ct\ and (3\ 
of the fundamental group as in Figure [6] then p(ai _1 ) is the matrix which sends 
(0,oo, 1) to (1/a, ^^-,00) (see FiguredHJ). So we have 

yfac \ ac ~acj 
Since p(Pi) is the matrix which sends (0, oo, 1) to ( ^n~^ ; l/ a ?0), we have 

P(/3l) = ^(a a(b-l) 



For example, we have 

(14.1) tr 2 (p( ai )) = ^ — ' , trWx)) 



ab 



14.2. Transformation into exponential shearing-bending coordinates. We 

give a transformation of our coordinates into exponential shear-bend coordinates 
by giving a 3-dimcnsional ideal triangulation between two 2-dimensional ideal tri- 
angulations. That is we construct a 3-dimcnsional ideal triangulation between the 
ideal triangulation T_i of the left of Figure [3H1 and T\ of Figure [221 We also let To 
be the ideal triangulation as indicated in the right of Figure [30l 

Let ei, e2 be the eigenvalue parameters and t\ the twist parameter as defined in 
§8.21 The complex parameters of the edges of T_i can be computed from Proposi- 
tion lll.ll They are ei 2 /e2, l/(ei 2 e2) and ei as shown in the left of Figure [30l 
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Figure 30. The left is the ideal triangulation T_i and the right 
is To. To is obtained from T_i by inserting an ideal tetrahedron 
with the complex parameter l/e 2 . 



i 

l-*2 




Figure 31. 



First we exchange the edge of T_i whose complex parameter is e 2 by inserting 
an ideal tetrahedron with the complex parameter l/e 2 . Since we have 



e 2 l-l/e 2 V V e 2/ ei 2 e 2 l-l/e 2 \ l/e 2 / ei 2 ' 

the edges of To have the complex parameters — ei 2 , — l/(ei 2 ) and l/e 2 (see the 
right of Figure I30j) . Next we attach a pair of ideal tetrahedra parametrized by z\ 
and z 2 to To as indicated in Figure [3TJ In the figure, glue two faces labeled by C in 
pairs and glue the face labeled by A (resp. B) to A (resp. B) of To indicated in the 
right of Figure 1301 Now the remaining two free faces form the ideal triangulation 
Ti (see Figure [31]) . Observe the complex parameters at the edges of T\, we have 

(14.2) o= ] (1-— J , b=— - 1 - 1 , c = z lZ2 . 



zi ) \ z 2 J e 2 1 — zi 1 — z% 

Considering the complex parameters around the 1-simplex at which two edges of A 
meet, we have 

(14.3) -i- • z 2 ■ (1 - 1) • (-e?) = 1. 

l — z\ z 2 
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Similarly, considering the complex parameters around the 1-simplex at which two 
edges of B meet, we have 

(14-4) (i-l).*. * .zj = 1. 

Z\ 1 — 22 e i 

(The equation (j!4.4[) is equivalent to (|14.3|) .') By the definition of the twist param- 
eter, the matrix which scrj 
left of Figure [211 we have 

(14.5) ^ - -t x . 

Solve the equations (|14.3[) - (|14.5I) . we have 



ctcr, the matrix which sends B to A has the eigenvalues yf—t^ 1 . Thus, from the 



z i = -. — 5 — ; — Ti z 2 



ti(l-e?) 



iief + 1' tie\ + 1 

Substitute Z\ and z 2 into ([14. 2[) . we have 

ef(l + ^i) 2 (tiej + 1) 2 ti(l-ef) 2 

fl h{l-e{r e\e 2 {t l+ \r ° (tie 2 + l) 2 ' 

Substitute these into (|14.1[) . we obtain 

2,„ s (ca-c+1) 2 ( 1 N 

tr 2 G9i = " = Ui + — 

ca \ e\ 

2 (a&-a+l) 2 ((ei 2 - e 2 )<! + 1 - e 2 e 2 ) 2 

tr ( ai = r = — ttt^ — -, 

ab (e{ - l) 2 e 2 ti 

The results coincide with the calculations of 
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